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This study investigates the type and performance of analytic Newtonian aerodynamic
solutions made possible using the Divergence Theorem. A reformulation of the Newtonian
surface pressure calculation enables a mathematically equivalent divergence calculation to
be performed as a substitute. This manipulation enables analytic force coefficients to be
derived for shapes of increasing complexity while also reducing computational cost when
compared to existing analytic solutions. The divergence solutions are obtained by converting the physical flow field into a mathematical flow field that is constant in direction
but with magnitude that is equivalent to the Newtonian pressure coefficient. This unique
property allows various mathematical techniques that are not available with the traditional
Newtonian calculation to be performed that further reduce computational cost. The results
of this investigation enable the construction of analytic relations for new hypersonic configurations of interest, and this approach serves as the foundation to construct efficient hybrid
exact-approximate solutions for more complex configurations. Comparisons of the current
analytic database to a state-of-the-art hypersonic design tool illustrate the computational
advantages of the analytic relations to support hypersonic conceptual design.
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I.

Introduction

Traditionally, the hypersonic aerodynamics of vehicles are modeled during conceptual design using Newtonian flow theory.1, 2 This theory assumes that when a particle (traveling in rectilinear motion) strikes the
surface of a body, all of the momentum normal to the surface would be lost and all momentum tangential
to the surface would be conserved as shown in Figure 1. Consequently, the pressure exerted by the fluid
on the surface of a body is assumed to be solely originating from this loss of momentum normal to the
surface. Under these assumptions, the nondimensional pressure coefficient, Cp , at any point on the surface
of a body can be obtained from the Newtonian sine-squared relation shown in Eq. (1). Furthermore, the
pressure exerted by the fluid on any portion of the surface not directly exposed to the flow, denoted as the
shadowed region of the body, is assumed to be equivalent to the freestream pressure in which the motion
of the fluid does not influence the pressure in this region. Consequently, Cp = 0 throughout the shadowed
region as shown in Figure 2.
Cp =

p − p∞
1
2
2 ρ∞ V∞

= 2 sin2 θ

Figure 1. Momentum transfer of particle on inclined surface.2

(1)

Figure 2. Example of shadowed body.2

The pressure that results from this momentum transfer is integrated over the unshadowed surface of the
vehicle to calculate the hypersonic force coefficients as shown in Eq. (2), where n̂ is the unit normal and
df is calculated from Eq. (3). In traditional conceptual design, this surface integration is approximated
numerically in the form of panel methods such as those included within the Configuration Based Aerodynamics (CBAERO) tool3 and the Aerodynamic Preliminary Analysis System (APAS).4, 5, 6 Additionally, the
aerodynamics of bodies of revolution have been calculated using ring approximation methods.7, 8, 9 Although
these conceptual numerical methods allow rapid aerodynamic calculations compared to computational fluid
dynamics (CFD), this process must be repeated for any change in shape of the vehicle. Additionally, the
resolution of the mesh must be addressed when using numerical methods. For example, the number of
required panels to achieve a desired accuracy is generally unknown in the beginning of the meshing process.
Consequently, multiple meshes of various resolutions must be evaluated until the convergence of aerodynamic
coefficients is observed. The construction of a mesh for complicated shapes would also likely require modeling
in a computer-aided design package. While certain tools such as CBAERO provide built-in routines to mesh
bodies of revolution, other vehicle shapes must be meshed using external tools such as the GNU Triangulated
Surface Library (GTS).10 These time-consuming issues associated with panel methods limit the number of
vehicle shapes analyzed during conceptual design.
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(2)
 CS  =
df ŷ =
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(3)

I.A.

Motivation for Analytic Hypersonic Aerodynamics

While panel methods would likely be required for the conceptual design of complicated geometries such as
the Space Shuttle Orbiter, X-38, and HL-20, many hypersonic vehicle designs used in previous and current
mission studies are not complex. For example, all previous and currently planned Mars missions have used
blunt sphere-cones. Various human Mars mission studies have used blunt sphere-cones and blunted biconics.11, 12, 13 The Stardust and Genesis Earth entries also used blunt sphere-cones.14, 15 The Apollo and Orion
command modules both utilized a spherical forebody segment. Many high performance military hypersonic
vehicles are slender sphere-cones and slender biconics with minor nose blunting to account for extreme heating environments. Some high performance entry vehicles include blended wedge designs, such as the SHARP
L1, that consist of flat plates, conical frustums, and nose blunting through a cylindrical segment.16 These
examples represent a subset of missions that implement relatively simple vehicle geometries, and Figure 3
illustrates the wide range of applications for these geometries.

Figure 3. Example vehicles with analytic geometries.

The surface geometry of these basic shapes, along with additional complex shapes, can be expressed
analytically. Consequently, the Newtonian surface integration that is traditionally performed numerically
using panel methods can also be performed analytically. Many of the resulting analytic relations provide
exact Newtonian aerodynamic coefficients currently approximated by panel methods. Additionally, the evaluation of most of the analytic relations is nearly instantaneous. As such, these relations could substitute
panel methods widely used in traditional, segregated conceptual design environments to improve the computational performance of Newtonian aerodynamics calculations. More importantly, however, these relations
eliminate the large aerodynamic tables that fundamentally segregate aerodynamics from other analyses during conceptual design and enable the construction of a unified, mathematical framework to perform rapid,
simultaneous hypersonic aerodynamic and trajectory optimization.17, 18
I.B.

Absence of Analytic Aerodynamics in Present-Day Analyses

The limited analytic relations developed in the 1950s and 1960s have largely been forgotten by the aerospace
community in the recent decades. The manual development of analytic relations is time-intensive and requires
complex integrations to be performed. As a result, the integration process is largely dependent on integral
tables and appropriate substitutions, requiring substantial trial-and-error effort that is prohibitive during
conceptual design. Rather, the advent of the digital computer resulted in the widespread adoption of panel
and CFD methods over historical relations.7, 8, 9, 19, 20, 21, 22, 23 This can be observed by the many recent shape
design studies that employ panel methods.24, 25
Recent advances in symbolic manipulations tools, such as Mathematica26 and Maple,27 enable the modern construction of analytic relations for various shapes. These symbolic tools are capable of querying large
databases of integral tables and substitution techniques, addressing some of the limitations that have historically prevented the adoption of analytic methods. Recent research has illustrated that the traditional
Newtonian calculation can be performed analytically for a wide range of basic shapes, including conical frustums, spherical segments, cylindrical segments, and flat plates, and this research complements the historical
analytic relations.28 Many common hypersonic vehicles of interest, including those shown in Figure 3, can
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be constructed through the superposition of these basic shapes. As such, the corresponding aerodynamics of
each basic shape can also be combined to form analytic relations for vehicles of interest. This analytic aerodynamic database, that includes the analytic relations derived in this investigation, can be downloaded from
the following file when viewed in Adobe Acrobat (aerodynamicsDatabase.zipREMOVEME)a . The enclosed
Matlab routines should be referenced for the contents of the analytic expressions. When developing analytic
relations, each vehicle is parametrized such that the resulting solutions must only be developed once and are
valid across all configurations. This is a major advantage over panel methods that must be executed each
time the shape of the vehicle changes. However, as the complexity of the shape of the vehicle increases, the
analytic solutions also increase in complexity. For certain complex shapes, no analytic solution has currently
been found and is a consequence of the fundamental challenges that exist within the traditional Newtonian
calculation.

II.

Fundamental Challenges of Analytic Newtonian Aerodynamics

The most apparent challenge during the integration process is that many simple functions cannot be
analytically integrated. For example, the function
sin(x)/x has no known analytic integral. As vehicles of greater complexity are considered, no guarantee can be made regarding the existence of a closed
form, analytic solution. In the most recent analytic
work,28 simple bodies of revolution are analyzed as an
attempt to expand the database to include more complex shapes. The surface of these bodies is naturally
parametrized using trigonometric functions of the revolution angle. For an example spherical segment that
4.
Side and front view of spherical segment
could serve as the nose of a sphere-cone vehicle with Figure
parametrization.
cone angle δc and nose radius rn , the revolution angle, ω, shown in Figure 4 corresponds to the natural
surface parametrization as described by Eq. (4). As a result, the corresponding shadow boundaries that
determine the limits of the analytic integration are functions of inverse trigonometric functions. These
functions, when combined with other polynomial expressions that appear during the integration process,
generally result in expressions that cannot be analytically integrated. For certain combinations that are analytically integrable, the solutions obtained by symbolic manipulation tools such as Mathematica generally
result in very lengthy expressions that reduce computational performance.
p
p
r = [x
rn2 − x2 cos(ω)
− rn2 − x2 sin(ω)]T
(4)
To avoid the complexity of inverse trigonometric functions, bodies of revolution could be parametrized
using Cartesian coordinates. While this parametrization eliminates the inverse trigonometric functions that
appear in the shadow boundary, alternate inverse trigonometric functions appear from the mapping of
Cartesian distances (used to provide integration limits that the describe the surface of the shape) to inverse
trigonometric functions during integration. An example of a simple distance calculation that results in an
inverse trigonometric function is shown in Eq. (5). A similar phenomenon also exists due to the normal
vector normalizations required to calculate the pressure coefficient and direction of force as shown in Eq. (3).
As a similar example, the normalization term that appears in Eq. (6) also leads to an inverse trigonometric
expression after integration. In fact, many vehicle configurations suffer from this inverse trigonometric
complexity due to both of these complications.
Z p
1 p
1 − x2 dx = (x 1 − x2 + arcsin x)
(5)
2
Z
1
√
dx = arcsin x
(6)
1 − x2
a Prior

to unzipping the file, the ‘REMOVEME’ portion of the file extension must be removed.
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It is important to note that the spherical segment does not suffer from the complexity that results from
vector normalizations since the magnitude of the normal vector is constant over the entire surface. Instead,
this shape only suffers from the inverse trigonometric complexity that arises from the integration limits.
If the terms that appear during the analytic integration process can be appropriately modified, then it is
possible to avoid this complexity entirely for spherical segments. While solutions to spherical segments were
obtained in prior work,28 this new approach enables compact aerodynamic expressions to be constructed that
reduce computational cost. Furthermore, this new approach enables the construction of analytic relations
for more complex shapes and serves as a means to expand the analytic aerodynamic database. The necessary
modification to the integration process can be achieved by departing from the traditional surface integration
model of Newtonian flow theory to a volume integration using the Divergence Theorem.

III.

Calculation of Newtonian Aerodynamics Using the Divergence Theorem

In traditional Newtonian flow theory, the aerodynamic coefficients are calculated by integrating the
pressure coefficient over the unshadowed surface of the
vehicle. In this model, the pressure coefficient is derived from the momentum transfer of fluid particles
as they are deflected by the surface of the vehicle as
shown in Figure 1. While this model is representative
of the physics of the flow, it is mathematically equivalent to a flux that penetrates the surface of the vehicle
with an assumed permeable outer mold line. As an example, the calculation of the normal force coefficient
can be converted in this manner as shown in Eq. (7),
where the flux does not originate from the physical
fluid flow. Rather, a mathematical flow field is constructed, and the flux is calculated from this mathematical vector field. For the normal force coefficient
calculation, the mathematical vector field is F = Cp ẑ
as shown in Eq. (7). Note that this mathematical vec- Figure 5. Comparison between physical and mathematical vector fields.
tor field acts along ẑ only and is independent of the
direction of the freestream flow as shown in Figure 5.
However, the magnitude of this mathematical vector field is equivalent to the pressure coefficient and, consequently, is a function of both vehicle shape and the relative orientation of the vehicle to the freestream flow.
Although this calculation has never been previously performed for Newtonian flow, the mapping between
interior and boundary calculations provided by the Divergence Theorem is similar to other aerodynamic
applications that can be expressed using potential flow theory.29

CN =

1

ZZ

Aref

Cp n̂Tin (−ẑ) dA

S

=

1

ZZ

Aref

(Cp (−ẑ))T n̂in dA

(7)

S

=

1

ZZ

Aref

(Cp ẑ)T n̂out dA

S

While this mathematical conversion does not
change any calculations that would be made on the
surface of the vehicle, it enables an alternate calculation to be performed using the Divergence Theorem.
The Divergence Theorem is used to map the flux of a
vector field, F = M i+N j+P k, across a closed oriented
surface S in the direction of the surface’s outward unit

Figure 6. Outward unit normals at the boundary of [a, b]
in one-dimensional space.30
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normal field, n̂out , to the divergence of the vector field F over the region D enclosed by the surface as shown
in Eq. (8). Note that while the divergence form requires an additional integration to be performed, this is
offset to a degree by the extra derivative of the integrand. The divergence form also eliminates the unit
normal that generally increases the complexity of the integration process as described in Section II. As an
example, the Fundamental Theorem of Calculus shown in Eq. (9) is a one-dimensional implementation of
T
the Divergence Theorem. If F = f (x)i, then df
dx = ∇ F. By defining the outward unit normal to be i at b
and −i at a as shown in Figure 6, then the total outward flux of F across the boundary of [a, b] is equivalent
to f (b) − f (a) as shown in Eq. (10).30 To compute the analytic force coefficients of various vehicles using
the Divergence Theorem, this one-dimensional example is extended to three dimensions.
ZZ
ZZZ
FT n dσ =
∇T F dV
(8)
S

D

Zb
f (b) − f (a) =

df
dx

(9)

a

f (b) − f (a) = f (b)iT i + f (a)iT (−i)
= F(b)T n + F(a)T n

(10)

The transformation provided by the Divergence Theorem is of little use when numerically approximating
the hypersonic force coefficients since the addition of a third integral would likely increase the computational
requirements of the Newtonian calculation. However, the Divergence Theorem enables the analytic flux
calculation to be mapped to an analytic divergence calculation. Since the traditional surface integration
is only performed over the unshadowed surface of the vehicle, the analytic flux calculation must also only
be performed over the unshadowed surface of the vehicle. As a result, the analytic divergence calculation
must be performed throughout the unshadowed volume of the vehicle as shown in Figure 7 for an example
hemisphere. Note that the shadow boundary occurs where Cp = 0, forming a plane for the hemisphere
example.
As previously mentioned, only the flux across the unshadowed surface of the vehicle is used to calculate
the force coefficients. However, the integration of the divergence of the mathematical vector field throughout
the unshadowed volume is equivalent to the total flux across all enclosing boundaries. As such, the flux across
any shadowed enclosing boundaries must be removed from the divergence solution. Since the magnitude of
the mathematical vector field is equivalent to Cp as described in Eq. (7), the velocity of the mathematical
vector field vanishes along the shadowed boundary where Cp = 0. As a result, the corresponding flux is
identically zero along this boundary. Additionally, the shadowed boundary along the lower portion of the
example hemisphere is parallel to the direction of the mathematical vector field as shown in Figure 8. As
a result, the flux along this boundary is also identically zero. In summary, the flux corresponding to the
normal force coefficient as described by Eq. (7) across the unshadowed surface of the example hemisphere is
equivalent to the integral of the divergence of this flux throughout the unshadowed volume.
When computing additional aerodynamic coefficients, such as the axial force coefficient, the direction
of the mathematical vector field changes as shown in Figure 9. To compute the axial force coefficient, the
divergence of the new mathematical vector field is integrated throughout the unshadowed volume. While
the flux is zero across the shadowed boundary where Cp = 0, the flux across the lower shadowed boundary
is no longer zero. To accurately compute the axial force coefficient, the flux across this boundary must be
removed from the divergence solution. While this method is mathematically correct, the analytic expression
for the flux across the lower shadowed boundary is generally quite lengthy. This flux calculation resembles the
surface integration performed by the traditional Newtonian method and as a result, reduces the compactness
of the analytic expressions made possible by the Divergence Theorem.
This issue can be eliminated by extending the shadow plane to the maximum z-coordinate of the example
hemisphere. An add-on volume can then be created by extending the lower portion of the hemisphere along
the negative x-direction until the extended shadow plane is reached as shown in Figure 10. The surface
created by this extension is parallel to the mathematical vector field, and as a result, the flux across this
surface is zero. Since the flux along the shadowed plane where Cp = 0 is also zero, the integral of the
divergence of the mathematical vector field throughout this add-on volume is equivalent to the flux across
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the adjacent shadowed boundary shown in Figure 9. As such, the compactness of the analytic expressions
made possible by the Divergence Theorem is fully realized using this approach. Note that the addition of
these volumes would alter the aerodynamics when performing traditional Newtonian calculations since these
volumes would alter the unshadowed surface of the vehicle. However, the direction of the mathematical vector
field remains constant regardless of vehicle orientation and physical flow direction, allowing the construction
of these additional volumes. While an example hemisphere is used, the general approach described in this
section is applied to all divergence calculations where applicable.

Figure 7.
sphere.

Shadowed and unshadowed volumes of hemi-

Figure 8. Flux of mathematical vector field for normal
force calculation of hemisphere.

Figure 9. Flux of mathematical vector field for axial force
calculation of hemisphere.

Figure 10. Flux of mathematical vector field with add-on
volume for axial force calculation of hemisphere.

IV.

Application of the Divergence Theorem to Select Examples

To illustrate the advancements in analytic aerodynamics made possible by the Divergence Theorem,
several select examples are provided. First, a spherical segment is analyzed to describe the benefits in
solution compactness that can be achieved with this approach. Second, more complex semi-spherical shapes
are used to demonstrate that new analytic solutions can be obtained that are otherwise not possible when
performing the traditional Newtonian calculation. Finally, parabolas of revolution provide an example of
computationally efficient, hybrid exact-approximate solutions that are made possible using the Divergence
Theorem. In the following examples, potential functions are used to describe each shape that is analyzed,
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and Mathematica is used to perform the analytic integrations.
IV.A.

Quadratic Potential Functions

The spherical potential shown in Eq. (11) has several simplifying properties that make it a useful starting
point to implement the Divergence Theorem. As previously mentioned, the magnitude of the normal vector
is constant across the entire surface of the shape. This potential recovery of the gradient shown in Eq. (12)
eliminates the inverse trigonometric functions that result from normal vector normalizations as described
in Section II. As a result, the divergence of the flux corresponding to the normal force coefficient can be
expressed as shown in Eq. (13) for an assumed zero sideslip. This assumption eliminates y from the numerator
for reasons that will be discussed in the following example, and this assumption is applied to all divergence
calculations in this
√ investigation. When analytically integrating the traditional Newtonian calculation, terms
of the form xn 1 − x2 appear, where n is even. These terms integrate to inverse trigonometric functions
that add complexity to the integration process, resulting in the lengthy analytic aerodynamic expressions
obtained in prior work.28 Alternatively, the extra derivative of the integrand provided by the Divergence
Theorem results in terms with a similar form where n is odd. These expressions eliminate the introduction of
inverse trigonometric functions during the integration process, resulting in compact aerodynamic expressions.
While the specific expressions for both the traditional and divergence calculations can be obtained from the
aerodynamic database in Section I.B, the divergence calculation reduces the number of characters in the
normal force coefficient by a factor of 24 and in the axial force coefficient by a factor of 15 when the add-on
volume described in Section III is used. If the flux across the shadowed boundary is used instead of the
add-on volume, then the length of the axial force coefficient expression is only reduced by a factor of 10.
φ = x2 + y 2 + z 2 = ρ2
|∇φ| =

p
4(x2 + y 2 + z 2 ) = 2ρ = 2 φ

(12)

−8 sin α(−2x cos α − 2z sin α)
4φ

(13)

p

∇T F =

(11)

Prior to integration, the unshadowed volume is divided into various regions. If these regions are not chosen
carefully, then the limits of integration that define these regions may result in expressions that cannot be
analytically integrated. After evaluating various options, a set of regions has been identified that enables
the analytic integrations to be performed. This set has proven to be successful across all shapes included in
this investigation. As an example, the quadratic potential of a hemisphere is divided into four regions. The
first region is located in the forward section that is fully exposed to the flow as shown in Figure 11, and the
fourth region consists of the entire lower section that is also fully exposed to the flow. Regions 2 and 3 fill
the remaining unshadowed volume and are defined as shown in Figure 12 for an example cross-section of
this remaining volume. Region 2 is bounded from above by the shadow plane whereas region 3 is bounded
from above by the spherical shape. Note that these regions vary in size for each x location.

Figure 11. Regions 1 and 4 for divergence integrations.

Figure 12. Regions 2 and 3 for divergence integrations.
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These regions were also chosen to provide integration limits that naturally result from the choice in
integration order. Many integration orders result in expressions that cannot be analytically integrated. The
integration order of z, x, then y is chosen for this work. This order avoids the introduction of inverse
trigonometric functions during the z and x integrations that generally prevent analytic solutions. Since y
is the last integration to be performed, there is no concern if inverse trigonometric functions are introduced
in this step. This integration order is also successfully used across many shapes in this investigation. The
divergence solutions for the spherical segments described in Section II are validated using CBAERO as shown
in Figure 13. Note that the analytic solution for the side force coefficient is identically zero as expected for
a zero sideslip whereas numerical noise is present in the approximate solutions from CBAERO.
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Figure 13. Comparison of spherical segment relations to CBAERO for various δc .

IV.B.

Semi-Quadratic Potential Functions

While the Divergence Theorem enables the construction of compact aerodynamic expressions, this technique
also enables new solutions to be constructed that are otherwise not possible when performing the traditional
Newtonian calculation as described in Section I. To obtain analytic solutions for more general shapes, the
complexity of the spherical potential is increased as shown in Eq. (14), where cxz is a constant. This
form enables a partial recovery of the potential function in the gradient magnitude as shown in Eq. (15),
where the magnitude is now a function of y and is denoted as g(y). As a result, the expressions for the
mathematical fluxes also increase in complexity as shown in Eq. (16) for the flux corresponding to the normal
force calculation. The form of g(y) was chosen to ensure that both x and z are absent from the gradient
magnitude such that the added complexity of the gradient is delayed until the final integration is performed
with respect to y.
φ = cxz x2 + f (y) + cxz z 2 = ρ2
s
|∇φ| =


4cxz

∇T F =

(ρ2

− f (y)) +

∂f (y)
∂y

(14)

2
= g(y)

−8 sin α(−2x cos α − 2z sin α)
g(y)2

(15)
(16)

Initially, f (y) is chosen as shown in Eq. (17) to maintain a quadratic potential, and the analytic relations
for this family of shapes can be obtained from the aerodynamic database. The results for the shapes shown
in Figure 14 are validated using CBAERO as shown in Figure 15. For non-axisymmetric bodies such as
these, the GNU Triangulated Surface Library is used to construct the necessary meshes for evaluation in
CBAERO.10 Note that a singularity exists in these analytic relations for the spherical potential where
cy = cxz . In this case, the prior analytic relations should be used instead.
f (y) = cy y 2
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(17)
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Figure 14. Front view contours of shape for f (y) = cy y 2 for various values of cy .
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Figure 15. Comparison of quadratic relations to CBAERO for various values of cy .

As many other candidate functions for f (y) are evaluated, including expressions with various powers of
y, trigonometric functions of y, etc., no analytic solution could be found. This mathematical limitation is
a fundamental result of the normalization of vectors. As already shown in Eq. (15), f (y) appears in two
forms (f (y) and ∂f∂y(y) ) due to the normalization. When f (y) is a quadratic function, both of these terms
can be combined as a function of y 2 . When any other power is used or when other functions are used,
this simplification no longer applies, and the increased complexity of the normalization term prohibits an
analytic solution. As a result, a mathematical limit in the analytic relations appears to have been reached
for this class of shapes. However, the function f (y) = eAy+B − eB is an exception to this observation. The
derivative property of this function results in a unique vector normalization in which terms of f (y) can be
combined using a complete-the-square technique. While the resulting analytic expressions in the database
contain many individual imaginary terms, the combined result is purely real (to machine precision). Various
configurations (shown in Figure 16 where B = 0) are validated using CBAERO as shown in Figure 17.
These results, in addition to the analytic solutions derived in prior work from traditional Newtonian
calculations,28 represent the current mathematical limit of exact solutions within the aerodynamic database.
However, shapes outside of this exact database have solutions that can largely be represented with exact
expressions and only require an approximation for a small portion of the solution. As such, the Divergence
Theorem serves as the cornerstone to develop hybrid exact-approximate solutions. As each shape is divided
into various regions as described in Section IV.A, an exact solution is found only if all integrations of each
region can be performed analytically. For many shapes outside of the exact aerodynamic database, the
majority of these regions can be integrated analytically and require no approximation. For the remain-
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Figure 16. Front view contours of shape for f (y) = eAy+B − eB for various values of A.
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Figure 17. Comparison of quadratic exponential relations to CBAERO for various values of A.

ing regions, the first set of integrations can generally be performed analytically while the final integration
must be approximated. If the expressions that must be approximated remain small relative to the exact
expressions, then these hybrid exact-approximate solutions would likely serve as a computationally efficient
approximation. As an example, the aerodynamic solution to a parabola of revolution is nearly exact and
requires only a small set of expressions to be approximated.
IV.C.

Parabola of Revolution

The parabola of revolution is described by the potential function shown in Eq. (18) with a gradient magnitude
shown in Eq. (19). As illustrated, the potential recovery of the gradient is a function of x alone. As such,
the integration order for this family of shapes is altered to z, y, then x to delay the introduction of inverse
trigonometric functions until after the final integration. For this class of shapes, only the final integration
in x of one term must be approximated for both the axial and normal force coefficients as shown in Eqs.
(20) and (21), respectively, where the exact solutions can also be found in the aerodynamic database. Both
of the terms that must be approximated originate from region 3 in which all other terms from this region
can be exactly integrated. The limits of integration in x for this region are determined by the boundaries of
region 3, where l is the length of the vehicle. Note that for this shape, the shadow boundary forms a plane
that is parallel to the x-y plane. As a result, the add-on volume technique described in Section III cannot
be used to simplify the flux through the base of the vehicle.
φ = x + y2 + z2 = 0
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(18)

|∇φ| =

√

1 − 4x

(19)
!

CA = CA,exact +

Z

2
Aref

q 2
2
4+ cotxα

2x arcsec

−1/4∗cot α2

−

(1 − x + (1 + x) cos 2α)
dx

(1 − 4x)2

−l

(20)

!
CN = CN,exact +

Z

2
Aref

−1/4∗cot α2

q 2
2
4+ cotxα

2x arcsec

sin 2α
dx

−1 + 4x

−l

(21)

Each expression that cannot be exactly integrated is approximated as a finite, analytic sum. As a result, the combined exact-approximate solutions are also fully analytic. This property allows vehicle shapes
described by exact-approximate solutions to also be used within the rapid, simultaneous hypersonic aerodynamic and trajectory optimization framework described in Section I.A. Unlike panel methods, these expressions directly approximate the final aerodynamic result, and the error of this result can be directly
controlled to obtain a desired accuracy. Alternatively, panel methods approximate vehicle shape to a certain
level of accuracy, and the designer usually does not know a priori how this approximation translates to
the accuracy of the aerodynamic coefficients. Consequently, multiple meshes of varying resolutions must be
evaluated until convergence of the aerodynamic coefficients is observed. Using a trapezoidal approximation,
the hybrid exact-approximate results for various parabolas of revolution with geometries shown in Figure 18
are validated using CBAERO as shown in Figure 19.
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Figure 18. Front view contours of shape for parabola of revolution for various values of l.

−8

1

1.2

2

1.1

1.5

0.8

1

1

l = 0.5
l=1
l=2
l = 0.5 (CBA)
l = 1 (CBA)
l = 2 (CBA)

0.5

0.6

CS

CA

CN

0.9
0

0.8

0.4

−0.5
0.7

−1

0.2
0.6
0
0

x 10

50
α, deg

100

0.5
0

−1.5
50
α, deg

100

−2
0

50
α, deg

100

Figure 19. Comparison of parabola of revolution to CBAERO for various values of l.
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There are likely many shapes with hybrid exact-approximate solutions. As more complex potential
functions are investigated, the potential recovery technique of the gradient will likely no longer result in
an expression that is a function of one variable, such as y as shown in Eq. (15). For example, the general
spherical potential shown in Eq. (22) has a gradient magnitude shown in Eq. (23), where the potential
recovery technique is only capable of eliminating a single variable (chosen to be x). To offset this added
complexity, simplifying techniques can be used within certain regions of integration. For example, region 2
shown in Figure 12 is bounded above by the shadow plane where Cp = 0 and bounded below where z = 0.
dC
Since the divergence of the flux for the normal force coefficient is dzp , a first integration with respect to z
would recover the pressure coefficient. As such, this expression vanishes along the upper boundary of region
2 where Cp = 0. Additionally, all instances of z vanish along the lower boundary where z = 0. These
calculations eliminate z from the potential recovery expression in Eq. (23). As a result, this new expression
takes the form of a single variable, y, allowing the remaining integrations to be carried forward in the same
manner as before. Techniques such as these may be beneficial as the aerodynamic database is expanded to
include hybrid exact-approximate solutions of more complex shapes.
φ = cx x2 + cy y 2 + cz z 2 = ρ2
|φ| =

V.

q

4(c2x x2 + c2y y 2 + c2z z 2 ) =

(22)

q
4cx (ρ2 − cy y 2 − cz z 2 ) + 4c2y y 2 + 4c2z z 2

(23)

Computational Advantages of the Analytic Aerodynamics

While all of the aforementioned analytic solutions enable the construction of a unified mathematical
framework to perform rapid simultaneous hypersonic aerodynamic and trajectory optimization as described
in Section I.A, these solutions could also serve as a computationally efficient substitute for panel methods
within traditional design environments. A computational comparison between the analytic relations and
CBAERO is shown in Figure 20. This comparison considers analytic solutions obtained from traditional
Newtonian calculations in prior work28 as well as the divergence solutions obtained in this investigation. A
detailed description of the additional geometries considered within this comparison is provided in the prior
work.28
2
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Figure 20. Maximum percent error in L/D vs. speedup of analytic aerodynamics.
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5

10

For these data, the maximum discrepancy in a relevant design parameter, L/D, across varying angles of
attack is shown for various CBAERO mesh resolutions. In this comparison, only L/D values greater than
0.01 are compared to avoid the L/D error singularity as α approaches zero. Note that the discrepancy shown
in Figure 20 does not directly correspond to the numerical approximation error of CBAERO. CBAERO is
performing many other calculations and is not directly approximating the analytic solutions. However, as
the mesh resolution is made more fine, the CBAERO solutions increase in accuracy, and as a result, the
discrepancy between the CBAERO solutions and the analytic solutions decrease. This accuracy benefit
is attained at the increased computational cost of more panel calculations. Alternatively, the analytic
relations provide an exact or nearly exact (e.g., hybrid relations) solution to Newtonian flow theory, and the
computational cost of evaluating each relation remains fixed.
For this comparison, a speedup factor is also calculated and is defined as the ratio of clock time between
the evaluation of the analytic relations and the CBAERO calculations over a range of angles of attack for
a single geometry. Since CBAERO is written in a compiled language, the Matlab-based analytic relations
within the database are autocoded into C to make a reasonable comparison of clock times. Note that the
speedup factor also includes the clock time necessary to generate the mesh of panels for CBAERO since
this process would be required for any change in vehicle shape. Alternatively, the speedup factor does not
include the time required to develop the analytic relations since this has already been performed for the
shapes evaluated in Figure 20 and does not need to be repeated.
As shown in Figure 20, convergence in numerical accuracy of the CBAERO solutions is only observed
for those shapes that show a maximum discrepancy that is largely insensitive to speedup factor (spherical
segments and Bezier curves of revolution). While the other shapes do not display full convergence in numerical accuracy, the large speedups provided by the analytic relations would eliminate the usefulness of
CBAERO calculations with higher mesh resolutions. As such, these higher resolutions were not included in
the computational comparison. Note that even for large, unconverged discrepancies, many of the analytic relations still provide a speedup of approximately three orders of magnitude. This includes the example hybrid
exact-approximate analytic solution (parabola of revolution), illustrating that further opportunities exist in
this area. Bezier curves of revolution are the only exception to this observation due to the very lengthy
analytic solutions obtained in the prior work. However, the analytic relations for these shapes still provide
a speedup of two orders of magnitude. Additionally, greater speedup factors are observed for the divergence
solution to the spherical segment as expected from the compact relations provided by this approach.
Note that for small speedup factors, large changes in discrepancy are observed for small changes in
speedup factor. This is due to CBAERO calculations that are dominated by meshing algorithms that must
be executed to construct the surface panels. For low mesh resolutions, this upfront cost is relatively constant
and serves as a minimum time in which CBAERO can be executed. The conical frustum (described in
the prior work) is in general more slender than the other shapes considered, and as a result, the numerical
accuracy in L/D of these slender shapes greatly improves with higher mesh resolutions. Finally, when
multiple geometries of the analytic relations are combined to construct hypersonic vehicles of interest as
described in Section I.B, the speedup factor will be reduced accordingly. However, the combination of many
traditional and divergence solutions will still provide a speedup of multiple orders of magnitude.

VI.

Future Work

The divergence solutions obtained in this investigation complement the relations obtained from the traditional Newtonian calculation in prior work.28 As such, the divergence solutions could also serve the many
potential applications in shape design, simultaneous vehicle and trajectory optimization, onboard guidance
design, and aerodynamic modeling of shape change due to ablation as described in this prior work. The
divergence solutions, along with the traditional Newtonian solutions, serve as the current theoretical limit of
the analytic relations. However, the examples provided in this investigation serve as means to illustrate the
benefits of the Divergence Theorem. Other mathematical techniques should also be considered to construct
a library of Newtonian aerodynamic methods. As an example, moment calculations could potentially be
converted into a circulation problem. This approach would allow Stoke’s Theorem to be applied, and new
or improved analytic moment solutions may be obtained using this technique.
Additional considerations should also be made with regard to vehicle parameterization, integration limits,
and integration orders to capture new analytic solutions where possible. The various mathematical techniques
should be assembled in an automated manner to support the widespread search for analytic solutions, and
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a computational framework is being developed within a high performance computing cluster at Purdue
University to perform this search. Special emphasis should be given to the construction of computationally
efficient, compact solutions to support design and optimization studies. As solutions to new configurations
are explored, special consideration should be given to emerging technologies such as morphing or flexible
structures. For example, analytic relations for inflatable aerodynamic decelerators would enable the realtime modeling of shape change during trajectory propagation. As such, these relations could be used to
improve the hypersonic modeling of passively flexible systems or to support targeting studies of actively
controlled systems. Finally, analytic relations derived from fundamental models could also be obtained for
non-Newtonian flow regimes such as free molecular flow to enable the rapid study of satellite orbital decay
or trajectories of tumbling rocket bodies.23

VII.

Summary

In this investigation, analytic hypersonic force coefficients are developed through the application of the
Divergence Theorem to Newtonian flow theory. To reduce the complexity of certain existing relations and
to obtain analytic solutions for new configurations, the traditional Newtonian model is converted into a
mathematically equivalent model of a flux that passes through an assumed permeable outer mold line of the
vehicle. This technique enables the traditional surface integration to be converted into a volume integration
of the divergence of the mathematical flux. While this conversion requires an additional integration to be
performed, the integrand is sufficiently altered in a manner that simplifies the analytic calculation. For the
examples shown, this simplification avoids the introduction of inverse trigonometric functions that often prevents the construction of analytic solutions. An example spherical segment illustrates the compact relations
made possible by the Divergence Theorem in which the axial and normal force coefficients are compressed
by a factor of 15 and 24, respectively. New analytic solutions of semi-quadratic potential functions are also
made possible by the Divergence Theorem. These solutions, in addition to the traditional analytic solutions
in prior work, represent the current limit in exact, analytic relations. For more complex configurations, a
portion of the aerodynamics can be calculated exactly while the remaining terms require an approximation.
The example parabola of revolution illustrates an efficient hybrid exact-approximate solution in which only
one integrated term in each force coefficient must be approximated.
When applying the Divergence Theorem, each geometry is divided into multiple regions that are carefully
chosen to provide a coordinated set of integration limits and integration order that leads to analytically
integrable solutions. After this is accomplished for each geometry, the Divergence Theorem enables a wider
range of simplifying mathematical techniques to be applied. In this investigation, compact analytic solutions
are constructed by adjoining mathematically advantageous volumetric regions to the original geometry of
interest. This technique is made possible by the constant direction of the mathematical vector field and is
not available when performing the traditional Newtonian calculation. Additionally, simplifications to the
analytic integrations are made for regions that are adjacent to the shadow boundary where the mathematical
flux vanishes.
By combining the various geometries that currently exist within the analytic aerodynamic database,
hypersonic vehicles of interest can be rapidly evaluated to support conceptual design and optimization
studies. As such, these relations could substitute approximate panel methods widely used in traditional,
segregated conceptual design environments. Comparisons with a state-of-the-art paneling tool, CBAERO,
illustrate the three to four orders of magnitude reduction in computational resources enabled by many of
the analytic relations. More importantly, however, these relations eliminate the large aerodynamic tables
that fundamentally segregate aerodynamics from other analyses during conceptual design. The additional
and improved analytic relations obtained by the Divergence Theorem enable a wider range of hypersonic
vehicles to be included within the unified, mathematical design framework made possible by the development
of analytic aerodynamic relations.
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