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EXTENSION OF A SIMPLE MATHEMATICAL MODEL FOR
ORBITAL DEBRIS PROLIFERATION AND MITIGATION

Jarret M. Lafleur’

A significant threat to the future of space uttiaa is the proliferation of debris in low
Earth orbit. To facilitate quantification of trenaisd the assessment of potential mitiga-
tion measures, this paper extends a previouslyopeopanalytic debris proliferation
model consisting of two coupled differential equagi Analyzed are the transient and
equilibrium behavior of the parametric model, legdio assessment of the likely effec-
tiveness of potential debris mitigation measuresuls suggest the current equilibrium
capacity for intact satellites in low Earth orltibas for only 25% of the satellites in orbit
today and presents an average 2.8% per year wsitastrophic collision for individual
satellites. Results also suggest that direct renobdebris fragments has the potential to
add decades or centuries of useful life to lowtEantbit. In addition to providing numeri-
cal results, this paper contributes a simple debadel particularly useful when more
sophisticated models are unavailable or prohilytiirae-consuming to utilize.

INTRODUCTION

On March 17, 1958, a Vanguard rocket carried alsfnall, 6-inch-diameter instrumented sphere kraswwan-
guard 1, becoming America’s second successiul gt@ntaunching a satellite into orbit. Today, Vaagl 1 still or-
bits Earth, approaching as close as 650 km aigeesigd reaching as far as 4,000 km at agageer the five decades
that Vanguard 1 has been in orbit, it has beerddiy thousands more spacecraft and, more ominbusigireds of
thousands of pieces of debBrig: In densely-populated low Earth orbit (from 200 #2000 km altitude), these ob-
jects travel at Earth-relative speeds approachlg/8, meaning collisions can occur at relativedpelp to 16 km/s.
For comparison, the kinetic energy liberated duairi@ km/s collision with a particle of just a fgrams in mass is
equivalent to that of a hand-held grenade and estnogt a spacecrafiMoreover, each collision can produce thou-
sands more pieces of debris, exacerbating thespmobl

With little damping from the Earth’s atmosphere, ¢im-orbit collection of satellites and debris inaseased dra-
matically over the past 50 years. It is estimdtetl 15,000 objects in low Earth orbit (LEO) argéarthan 10 cm in
diameter and another 100,000 are between 1 cmOaodh in diameter, generally considered the thrdsioolcatas-
trophic damag&? These numbers continue to grow. In January 200inaGleliberately destroyed its Fengyun 1C
weather satellite in an anti-satellite missile iestantly increasing the amount of on-orbit debyi 2596 In February
2009, headlines were made when Russian and Amesdtaliites (Cosmos 2251 and Iridium 33, respéglieellided
over Siberia, marking the first collision of twddnt spacecratt.

It is easily recognized that, without effective tmatisms to remove debris from LEO, the debris @tipal will
grow virtually without bound as callisions with distproduce more debris. Debris removal technigiiebecome
necessary. This work seeks to model the orbitaiiefvironment with a set of coupled differergigliations, search
for stable solutions, and in a top-down mannesassguirements for future debris removal techritube effective.

Highlights of Previous Mathematical Modeling Efforts

Multiple approaches exist to modeling the on-akiiris population. The most accurate approachels@Monte
Carlo analysis using the numerical integration @it propagation of all objects for which trackidgta currently
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exists. This characterizes efforts undertakereample, by the SOCRATES sysfemhich produce short-term pro-
jections of collisions between individual obje@sy(, to allow satellite operators to perform delrioidance maneu-
vers). However, this computationally-intensive apph is difficult to extend for long-term prediatiand is difficult to
execute without access to databases of curremtiel Earth-orbiting objects and their orbital elets.

In contrast, some analysts have approached therprélom a more simplistic standpoint. A seminglguaon the
topic, written in 1978 by Kessler and Cour-Palaigeraged modeling techniques used to describeafiammof the
asteroid belt,developed a single integro-differential equatiesodbing global collision rate as a function afrage
relative velocity, cross-sectional area, and dpiiasity of object$.Fourteen years later, Talent modeled the popula-
tion of orbiting objects with a single differentijuatiorf. A 1991 paper by Farinella and Cordelli introduaesystem
of two coupled differential equations to descriiie $cenario; one equation described
the rate of change of the population of intacllsase(N), and the other described the dN _ A—xnN @
rate of change of the population of debris fragsénf This model is given in Egs. dt
(1)-(2), wheréA, x, a, andp are constants.

Reference 5 numerically integrated these equatising several assumptions for —- = SA+axnN @)
the coefficients. Results indicated that within £88rs, the number of intact satellites
in LEO would decrease dramatically due to colli-
sions with debris (see Figure 1), resulting in ¢~
eventual condition in which any satellite
launched are quickly destroyed by callisions.

The work of Reference 5 was later extend
into various forms (one of which used 150 diffe
ential equations, distinguishing satellites by me
and altitudey:*® However, the general results ¢
the original model are accepted as showing gc
agreement with later studi®S, and the simpler
model remains useful for identifying trends, d
veloping approximations, and establishing instrL
tive model$- The original model is also useful ir
distinguishing between intact satellites and dek 00 - , , .
fragments (rather than aggregating both into ¢ 0 100 20 e 2 400 500
variable). This current work seeks to improw years

upon the original model through changes to its _ _ ) .
g;lgure 1. Predicted numbers of intact satellites @id line) and

two differential equations, by considering issues <. . )
of stability, and by considering effects of debri ebris fragmgnts (dashed line) over time, from RefenceSNote
. differing y-axis scales for solid and dashed lines.

mitigation techniques not originally analyzed.
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Analysis Outline

This analysis is divided into three steps. Thériredifies the model of Reference 5 to include tamidil effects.
The second analyzes the equilibrium and stabflityeomodified model, and the third step usestiadel to examine
effects debris mitigation strategies may have gmaring the stability and equilibrium capacity &Q.

Step 1: Modd Modification. To improve upon the original model of Egs. (1)-{&p main modifications are pro-
posed: (1) Separate tAecoefficient, which represents the net satelliteleddo orbit each year, into launch and re-
entry terms, each which has a cyclic variation witte (e.g., with the 11-year solar cycle for reseand space indus-
try cycles for launc) and (2) add\? andre terms representing collisions between intactlitee(as in the Irid-
ium/Cosmos collision) and between fragments, réspc Coefficients are estimated for these nawiseand up-
dated and updating the values of coefficientthimmodel’s original terms. The resulting ploNadindn versus time
are compared to the original model’s results.

Sep 22 Sability Assessment. Using the updated model, equilibrium points aeatiled and stability is assessed
through linearization. A simplified model is deyatd using nondimensionalization to completely dterize solu-

" The theorized exponential growth of orhital delrisl consequent destruction of operational segefiias been
termed Kessler Syndrome, after the first auththisforiginal work’



tions by two parameters. Simple analytical exppassare developed for equilibrium points and cammditfor oscilla-
tory and nonoscillatory stability. Vector fieldsrako phase portraits are plotted, and issuessohegce and time-to-
peak are addressed. This step is significant beoaitis the addition of drag to the model, stabiats now exist.

Sep 3: Debris Mitigation Implications The final step in the analysis examines the imphiea of this model's re-
sults on orbital debris mitigation strategy. Commanposals for mitigation strategies involve (Lnlehing “space
tugs” to deorbit intact but inoperative space@af) launching giant “nets” of aerogel or simitaaterial to catch or
slow debris fragments. The first strategy indiyeskbws the formation of fragments by removing ohieir sources,
while the second strategy has a direct effect movimg fragments from orbit. These methods, asagafithers sug-
gested by the data, are examined with an emplmeastimating effects of practical mitigation measur

MODEL MODIFICATION

Egs. (3)-(4) present the proposed modificatioméodriginal model of Reference 5. Time is measiragears.
This modification, which forms the basis for thet 1ef this paper, is motivated by the desire torjparate and observe
the importance of effects not originally accouritedn Reference 5. Note several similarities wigh original model:

* In Eq. (3), note the existence of a positive tarhb sin t + d), which is the sinusoidally-varying equivalent
to theA term in Eq. (1). This term represents the glalialige launch rate to low Earth orbit.

= In Eq. (3), note the preservation of #mdl term from Eqg. (1), representing the reductiomériumber of in-
tact satellites due to collisions between intaetltas and debris fragments.

= In Eqg. (4), the use of the coefficightnultiplied by the satellite launch rate is retdimepresenting the in-
crease in debris due to upper stage separaticespacor explosions.

= In Eq. (4), the use of the coefficienmultiplied byxnN is preserved, representing the increase in ciieis
to the destruction and fragmentation of intactlitase

However, inspection of Egs. (3)-(4) also revealaraber of new terms:

= In both Egs. (3)-(4), note negative terms propaalitcoN andn, respectively. These account for annual re-
entry of objects from orbit. The periodic variatiorthe characteristic decay time in these terrdaésto the
11-year solar cycle, which produces large denaitigtions in Earth’s thermaosphere and exosphere.

= Eg. (3) contains an additional termy\2, representing the number of intact satellitedsdesunit time due to
the callision of two intact satellites (as in thebfuary 2009 Cosmos-Iridium collision). Eq. (4)teans the
corresponding ternyN?, representing the fact that such collisions prediebris fragments.

= Eg. (4) contains an additional terrm2 for the rate of destruction of debris fragmeluis to the collision of
two fragments. Here it is assumed such a collgioduces debris smaller than the 1 cm threshold.

3
dﬂ:(a+bsin(ct+d))—$—an—2yN2 @
dt f +gsin(ht +k)

an_ Bla+bsin(ct +d)) - ——— -+ oxnN + yN? — 2202 @)
dt p+qgsin(ht + k)

It is worth noting here that, unlike the originadael of Reference 5, Egs. (3)-(4) are not autonemdhere exist
explicit time dependencies in the launch and neréetms. However, it might be hypothesized tiidittel sinusoids do
not produce resonance, dealing only with averagewéor these terms may be nearly as accuratmarainsightful
analytically. This will be tested in Step 2. The remainder efiitesent section focuses on the estimation abfé-
cients in Egs. (3)-(4) as well as empirical obs@mna and comparisons involving results of the mexdel.

Model Coefficient Estimation

Global Launch Rate. One update incorporated into this new model a/ged global launch rate for LEO satel-
lites. Using data from Hiriart and Sal&tihis launch rate is illustrated in Figure 2. bitihe large increase in launch
rate in the early 1960s and a high launch rateighrthe 1980s. At the end of the Cold War, lauath decreased
substantially, with the main exception in the 380s with the fielding of the Iridium constellatio

" This will amount to a rudimentary homogenizatfanyre work may consider further development af #sipect.



Importantly, the original model of Reference 5a« ¥0r———————F—— 7 7
sumed the LEO launch rate would remain 100 sat
lites per year. This appeared a fair approximaition
1991, for which the data of Reference 12 shows !
satellites launchedHowever, today this rate is consid-
erably smaller, averaging 30.5 per year since 2001.

Ancther inaccuracy with the launch rate of Refe
ence 5 is that it is assumed constant. Whileliffisult
to predict satellite launch rates, improvements beay
made by taking advantage of the recent work ofrRef
ence 12, which highlights the empirical existente o
cycles in global launch rates. In particular, Refee
12 found identified 3-year cycles among defense, sc
ence, and communications satellite launches oeer ti
past decade.

The black line in Figure 3 represents the globe
LEO launch rate since 2001. While Reference 12 uti
ized Fourier transforms, the simplified approacte he
uses a single-frequency sinusoid to capture acaB-y | |
cycle. The resulting sinusoid is the gray line inQ 2  ctual ‘ S
Figure 3. With R2 = 0.65, this model explains récen ™ = === Simple Sinusoid Model |
launch rate variations more accurately than a simp 15 ‘ ‘ ’
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Figure 2. Global launches to LEO per year since 196
Note the substantial decrease in launch rate afté991.

40

LEO Launches per Year

w
(&)

Launches per Year
N w
9_~A

:
T I
. i ) 2001 2002 2003 2004 2005 2006 2007 2008
average and is adopted for this work. The equédion Year

the launch rate sinusoid is given in Eq. (5), whetes Figure 3. Global launches to LEO since 2001. Ovaid

equivalent tA in the model of Reference 5 ad01is s 4 sinusoid model, determined through least-sques fit.
referenced to the year 2009.

LR = a+ bsin(ct + d) = 3141+ 7.794sin(L.93% + 0.1680) ©)

Atmospheric Re-entry Rate. One omission in the original model of RefereneesS the decrease in satellite and
fragment populations due to atmospheric drag ardtrg While atmospheric density in LEO is ordgrsnagnitude
smaller than at Earth’s surface, when integrated ayeriod of years this drag results in a gateltifragment trajec-
tory that spirals inward until re-entry and disimégion. Furthermore, the atmospheric density i@ li€substantially
affected by the 11-year solar cycle, observed stemsiy since the f7century® Large density increases during solar
maximum periods have, for example, subtracted fremrsthe lifetimes of the Salyut 7 and Skylab spstations:

Figure 4 shows the result of using an atmosphesitefri to compute on-orbit lifetime for intact satelligasd de-
bris fragments for solar maximum and minimum caordit The solid lines in Figure 4 indicate orbifetime esti-
mates for a static solar maximum model, and thieedalines indicate orbital lifetime for solar minim conditions.
The difference between the models is substantiainict satellite at 800 km altitude has an driifittime of about
100 years for the solar maximum atmosphere andlOG€ryears for solar minimum.

As shown in Figure 4, the orbital lifetime computadintact satellites assumes a ballistic coeffitof 110 kg/m2,
an average value for satellités® The orbital lifetime for debris fragments assumeallistic coefficient of 1.8 kg/m2,
an approximate average value for fragments defigetiReference 17. The ballistic coeffici@)defined as the ratio
of object mass to the product of reference arealaagdcoefficient (i.eB = m/(CpA)), differs significantly for intact
satellites and fragments because fragments typiealle larger surface-area-to-volume ratios. AarEig shows, the
smaller ballistic coefficient of fragments produadsvo-order-of-magnitude reduction in orbitaltiifee (helpful from
the perspective of orbital debris mitigation). Example, at 800 km altitude, the orbital lifetinfieuo intact satellite is
about 100 years for solar-maximum conditions, vthieorbital lifetime of a fragment is just oveegrear.

" The data of Reference 12 does not include maanedHes, for example, which are short-lived andeasonably
be neglected as debris contributors. Referencepit®ts its database is 83.5% complete; if the @& tees in 1991 is
corrected by this factor, the data suggest 99 teasrio 1991, almost exactly the 100-satelliteoBieference 5.



With atmospheric drag effect now quantified viaitdifetime, this work utilizes the approach of Bednce 9,
which models the rate of change of orbiting steslis a function of the number of current sateltiivided by a time
constant. This time constant is the orbital lifetime of 8aellites (implying that if 1000 satellites aneapbit and each
has a 1000-year orbital lifetime, it the expecsthgt and re-entry rate is one satellite per year).
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Figure 4. Expected orbital lifetime for intact satdlites (B = 110 kg/m?, left) and debris fragmentsg = 1.8 kg/m?,
right). These lifetimes are computed assuming a $imatmosphere at the indicated solar maximum or nmimum level.
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Figure 5. Current Distribution of Trackable Active (left) and Inactive (right) Objects in LEO.

" This assumption has some limitations, for exarifiifeere are surges in launch rate. In the previs@mple, had all
1000 satellites been launched in the same yeavpalll re-enter 1000 years later rather than onggae. However,
this assumption is reasonable if the satellite latipn exhibits a diversity of launch dates. Anotiraitation of this
assumption is that it does not account for relabitt maintenance maneuvers. This is accuratestmisifragments
and inactive spacecraft but is not always truadtiwe spacecraft (in which case this assumptiaridyaroduce opti-
mistic estimates in terms of debris mitigationgsiepacecratft in the model deorbit more quickly thase in reality).



For this analysis, two suelparameters are required, representing the averbige lifetime for intact satellites
and for debris fragments. To determine these péeesntihe orbital lifetimes from Figure 4 are wisghby the distri-
bution of objects at different orbital altitudeslaveraged. The current distribution of activekhte LEO objecfss
applied to the intact satellites (wih= 110 kg/m?), and the current distribution of inatrackable LEO objeétss
applied to the debris fragments (Wih= 1.8 kg/m?). These distributions are shown imuféicp. This average is com-
puted for both solar maximum and solar minimum itand. At solar maximum, the average orbitalififet of intact
satellites is found to gy = 3,990 years and the average lifetime of defadgrients is found to bg,is = 46.9 years.
At solar minimum, the average orbital lifetime rtfaict satellites is found to g,y = 24,840 years and the average
lifetime of debris fragments is found todg;s = 322.8 years.

To account for the time-varying naturer due to the 11-year solar cycle, a sinusoid is. U3eglperiod of the sinu-
soid is set to 11 years, and the phase shift te sehtch the predicted 2013 solar maximum (tthD indicating the
year 2009). The amplitude and average valueslaotestto match the valuesmglyis andz ¢ at solar maximum and
minimum. The resulting models ftyis andz s are shown in Egs. (6)-(7):

Zyie = T +gsin(nt +k)=14,420-10,430sin(0.5712 — 0.9996) ©)
T ynis = P+ gsin(ht + k) =1849-137.9sin(0.5712 - 0.9996) @)

Cdllison Terms. The final revision to the model of Reference @dslition of terms accounting for collisions
among intact spacecraft and among fragments. Rioljoilve modeling strategy of Reference 5, this vequbroxi-
mates collision probabilities in the manner that gas dynamics community approximates collisioesratnong
molecules. In particular, collision frequentfor a single moleculé with other molecules ol
is the product of effective cross-sectional areaolecular velocity, and number of mole- E=—1rn ®)
culesn per unit volumé/, shown in Eq. (8) (cf. Reference 18). \

If collisions of interest are between moleculeslifiérent types (e.g., colli-
sions of molecule typ& with typeB), the total callisions per unit timedsmulti- .
plied by the number @k molecules in the system, given By in Eq. (9). If \
collisions of interest are between like molectlas total collision rat&), is as
shown in Eq. (10) (cf. Reference 18). Note thatsssectional area is computed =,
using the average diameter of the two moleculegevest, Sos 7 oaa-

For objects in LEO, this formulation is conducigecbllision rate approxi-
mations with minimal information. Cross-sectionaeeis estimated by approximating satellites asrephwith a 2.2
m diameter based on average diameters from 26teste?!?2°*1?223 2 Fragments are optimistically modeled as
spheres of 1 cm diameter, the smallest fragméuaty tio cause catastrophic damage. As a resalttintact object
collisions use = 14.9 m2jntact-debris collisions usg, = 3.77 m2, and debris-debris collisionsaiges 3.14 cm2.

Average velocity is estimated based on weightethges of satellite circular orbit speed, whichesfiom 6.89
km/s at 2000 km altitude to 7.77 km/s at 200 krtudk. For intact satellites, these speeds ardteeidpy the distribu-
tion of active spacecraft from Figure 5, yieldimgeaerage speed of 7.39 km/s. For debris fragntaete speeds are
weighted by the distribution of inactive trackegkeots from Figure 5, yielding an average speed3tf kim/s. For the
case of intact-debris collisions, the velocity usdbe average of these two, or 7.37 km/s.

The relevant volume in this application is the nwduof the 200-2000 km orbital shell, calculatedsiytracting
the volumes of the inner and outer spheres. Téligsy = 1.27 x 167km3.

The annual per-fragment and per-satellite collipiatabilitiess, y, andz that result when these values are substi-
tuted in Eg. (10) are given in Egs. (11), (12), @3). Note that, sincg and=,, represent the frequency of collisions
among like object types (intact satellites andnfrexgts), each colli- 1 (11)
sion results in the loss bfio objects. This is accounted for by a an = XNN = 6.895x10"nN
multiplicative factor of two in the appropriate q@a in Egs. (3)-(4).
Also, note that the independently-calculated 6.8950™ yr-
fragment value forx shows reasonable agreement with the 3 x 10
10 yrlfragment value assumed by Reference 5, which had been
founded on a similar gas-dynamics-based estimate.
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As an additional check, it is straightforward toneert thesez-values to annual collision probabilities. Based on

this data, the current annual probability of doliswith a debris fragment for an intact satelite, = xno, wheren, is

the current number of fragments (of >1 cm diametembit. In this workny is estimated at 110,4662°yieldingP, =
7.61 x 10 per year, which is in reasonable (and somewhiisfit) agreement with altitude-dependenit i® 10
annual LEO coallision probability estimates from &ehce 15. Additionally, the annual probabilitoffision with an
intact satellite can be computedRas= 2/N,, whereN, is the current number of intact satellites intotdere,N, is
estimated at 4,650 yielding Py = 1.27 x 18 per year, which is also in reasonable agreemémicairesponding alti-
tude-dependent £@o 10° annual LEO collision probability estimates fronfdérence 15.

The final parameters to estimate are the empiraginentation parametgfs«, andy. The parametgf represents
the average number of fragments released per lalihele fragments primarily consist of unintendest-faunch
propellant tank explosions, but this also includissarded components such as shrouds, lens camdrsgparation
devices. This study retains Reference 5's origisihate off = 70.

The parametet represents the average number of fragments prodtacedhe collision of debris with an intact
satellite. This number is empirical, and this strefgins Reference 5's original estimate of 10,000. Related tois
the new parameter representing the average number of fragmentsigeddrom the collision of two intact satellites.
Empirical evidence for this is scarce; based 02@@8 Iridium-Cosmos collision, this is estimateg=56,000%°

Smmary of Coefficients. Table 1 summarizes all terms developed herecapfdito Egs. (3)-(4).

Table 1. Summary of Coefficient and Initial Condition Point Estimates.

Coefficient Point Units Coefficient Point Units
Estimate Estimate
a 31.41 satellites / year X 6.895x10°  year®- fragment"
b 7.79% satellites / year y 1.369x10 year®. satellits®
c 1.935 radians / year z 2.869x10*  year®: fragment'
d 0.1680 radians a 10,000 fragments / satellite
f 14,420 years s 70 fragments / satellite
g -10,430 years y 56,000 fragments / satellite
h 0.5712 radians / year
k -0.9996 radians Ny 4,650 satellites
p 184.9 years No 110,400 fragments
q -137.9 years

Results of the Nominal Model

Before proceeding with stability analysis of thevmaodel, this study first examines the model's biehan the
time domain. The black lines in Figure 6 show teledvior of the new maodel over a 500-year periaalfithe span
used by Reference %ray lines show data reproduced from Refererstarfing from 1991 (the date of Reference 5).

Looking first at the upper plot in Figure 6, itw®rth noting that the revised model predicts sulistly fewer in-
tact satellites in LEO at the peak. The originatleh@redicts a peak population of 14,500 in the 2287, while the
revised model predicts a peak population of 6,8@0e year 2108. The two models agree in the ydr, But as will
be shown in more depth later, the lower globaldauate in the revised maodel (the only positiventer thedN/dt
equation) causes a slower rise and a smaller Ipealso important to recognize that while thHgioal model predicts
a continuously declining population, the revisedishindicates a recovery period beginning in the 248" century
which appears to equilibrate at a level of 1108cirgatellites.

The lower plot in Figure 6 shows the proliferaiiothe number of >1 cm debris fragments with tikhere, differ-
ences between the original and revised modelsaneneore striking: The two models agree closeliy tinet mid-22°
century. However, because the original model oéiRRate 5 included no atmospheric drag, the grayctimtinues

" These plots result from numerically integrating.#8)-(4) using MATLAB'soded5 with 10° relative tolerance.



upward without limit. In contrast, the Intact Satellites in LEO

black line appears to overshoot equilb 5000~~~ ~7- - oo
rium and then decay. Oscillations in thic © Original Model (1991) |
line are due to the 11-year solar cycle. A Revised Model |
the peak in 2210, there are 64.7 milliot 1
fragments in LEO, over 500 times a:
many as exist today. At this level, the
average probability of collision with a
debris fragment in LEO becomes 4.5%
per year, compared to 0.0076% per yei
today. With a 4.5% annual risk, a new
satellite can be expected to be destroye
on average, 22 years after launch.

It might be hypothesized that some
terms in Egs. (3)-(4) have negligible con
tributions to the on-orbit satellite and de
bris population within the timeframe con- x 10’ Debris Fragments in LEO
sidered in this study. In an effort to em:
pirically identify negligible contributors to
the system’s behavior, Figure 7 display
the relative contributions to ttu/dt and
dn/dt terms as a function of time. The
upper plot in Figure 7, for example, show:
the relative magnitudes of the four term
in EqQ. (3) over time. The fifth curve, col-
ored black, shows the sum of the firs
four. Notice that the light-gray solid line
and darker gray dashed line dominate tt
plot, while the light-gray dashed line anc
darker gray solid line are virtually zero for

all time. This indicates that collisions be- ) ) _ o
tween intact satellites and orbit decay of Figure 6. Comparison of the revised model with theriginal model of

intact satellites are negligible effects,Reference 5. The steady-state oscillations visilatethe lower plot of the
while behavior of the intact satellite popu- revised model correspond to solar cycle oscillatisn

lation is governed primarily by launch rate
and callisions with debris.

The lower plot of Figure 7 shows the relative meagl@s of the five terms in Eq. (4) over time. Tixhscurve,
colored black, shows the sum of these. Noticeltigatlarker gray dashed line and darker gray soédlominate the
plot, while the light-gray solid line, light-grayashed line, and black dashed line are virtually far all time. This
suggests that the number of orbiting debris fraggrisgoverned primarily by orbit decay and cdfisi between in-
tact spacecraft and debris fragments.
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ASSESSMENT OF EQUILIBRIUM AND STABILITY

Several interesting and useful implications ofrthésed model can be observed through analydeedyistem’s
equilibrium points. The results generated thusdggest that for the particular selection of th@di@meters for this
model, the number of intact satellites in LEO gedlghiconverges to approximately 1100 and the nurabdebris
fragments converges to 40 million. This suggestexistence of a stable equilibrium point, butdtjules no informa-
tion about how this equilibrium point varies or e it remains stable for different values of18eparameters. The
following discussion addresses these questions.

Equilibrium with Sinusoids Removed

To identify equilibrium points, it is necessanstmplify Egs. (3)-(4) of the revised model intoarionomous set
of ordinary differential equations. This requirles temoval of the sinusoidal forcing terms in léwrate and re-entry
rate. Unfortunately, as visible in Figure 7, thiesms are not small in all cases. As noted edtiiereffects of launch



rate ondr/dt and re-entry rate aiiN/dt are Components of dN/dt

relatively small, but the effects of launch S R S T P N B T
rate ond\/dt and re-entry rate air/dt are
substantial. In removing these terms, it i
assumed the average launch and re-en
rates are adequate in describing the sy | +  Z & 1 @ e de e deamioae
tem’s behavior.

Equations (14)-(15), which omit the si- !
nusoidal forcing terms (by settig-g =q ;
= 0), are plotted as the dashed gray lines ~ -100---+---- e
| 1\

50+ - -

dN/dt

Launches

Orbit Decay

----- Intact-Debris Collisions
Intact-Intact Collisions

|
Figure 8. Notice that this model and the !
baseline revised model of Egs. (3)-(4) ! Total
ilr:)(;\levl?/ f(k))rythtgii}rs?(ilgo 5;?; Olﬂﬁz’siar:?&g 190 0050 2100 2150 2200 2250 2300 2350 2400 2450 2500
tion. The end behavior is also qualitatively Year
the same. In both models, the number «
intact satellites in LEO peaks in the earl xi0 Components ofdw/at
22" century, reaches a low in the laté'23
century, and then recovers slightly. Bott
models also show that the number of debr
fragments peaks in the early®8entury
and gradually declines to an equilibrium
Quantitatively, however, the final values o
nandN are discrepant by about 50%.

To compensate for this discrepancy
the average time constant for orbital debri
re-entry is modified tg = 130 years (in-
stead ofp = 184.9 years). The resulting
system response, shown as the solid gr ™" 050 2100 2150 2200 2250 2300 2350 2400 2450 2500
line in Figure 8, shows satisfactory agree Year
ment with the baseline model, and this new
value forp will be used for the remainder
of this paper in instances where sinusoidal
terms are removed.

: : | Launches

Orbit Decay

S Tt T Tt ] meme——— Intact-Debris Collisions
Intact-Intact Collisions

----- Debris-Debris Collisions

dn/dt

Figure 7. Relative contributions of terms in the reised model. The
oscillations indN/dt are governed by 3.3-year launch cycles, while
oscillations indn/dt are governed by 11-year solar cycles.

Figure 9 shows the direction field in thess. N phase dN N )
space corresponding to the simplified model of Eb)- s xnN —2yN
(15), withp = 130 years. The black line is the path from the
No = 4,650 andy, = 110,400 initial conditions. Note the AN _ ﬂa_ﬂ+ axnN + pyN? — 2zn? (15)
equilibrium point neal = 1100 anah = 40 million. dt

To find the exact coordinatdd*(, n*) of the equilibrium
point,dN/dt anddr/ct in Egs. (14)-(15) may be set to zero. SettiNfit = 0 and solving fon* yields Eq. (16). Setting
dn/dt = 0 and solving foN* using the quadratic formula yields Eq. (17). Imgaity, the square root term in Eq. (17)
must be larger thamo* if one of theN* solutions is to be positive and meaningful. Thellemaot of N* is negative
and non-physical.

Solving using the positive root B yieldsN* = 1107.9 ana* = 41.015 million. Note that this corresponds well
to the equilibrium in Figure 9. No other physicattganingful equilibria appear to exist.

As is clear from Egs. (16)-(17),
the analytic expressions for the
equilibrium point coordinates are n* = 1( a* _1 - zyN*J (16)
complicated.  Stability analysis x{N f
would introduce further complica-
tion. As will be shown in the next  N* = —_| — gxn” J_r\/(aZXZ +87yz)n*2 LY _4pay a7
section, these expressions can be 2y p

(14)




simplified by dropping small terms without Intact Satellites in LEO

significant loss of fidelity. Stability behavior 8000 R I e e———

is then analyzed for the simplified system. 7000 |

| == == === No Sinusoidal Forcing

6000

No Sinusoidal Forcing, p = 130

Equilibrium and Stability for a
Simplified System

The goal of this section is to analyze i
model that demonstrates similar characteri
tics to the original model but is simple
enough to yield useful analytical expres
sions for equilibrium and stability behavior.

5000
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3000 -~~~ W f

2000~~~ N

Number of Intact Satellites in LEO

To accomplish this, earlier discussion re
garding contributors tolN/dt and drn/dt is

0
2000 2100 2200 2300 2400
Year

leveraged. Recall that in FiguredR/dt was

negligibly affected by collisions between
and orbit decay of intact satellites. Thus, i
the simplified model of Eq. (18), these term x 10' Debris Fragments in LEO

are removed (or equivalently,— 0 andf
— o). Recall also thadn/dt was negligibly
affected by launch rate, collisions betwee
satellites, and collisions between fragment
As a result, the simplified model of Eq. (19,
neglects the latter two of these terms (¢
equivalently sety = 0 andz = 0). Thefa
term is retained for later analysis of policie!

to improve the orbital debris situation.

The resulting simplified model is shown
in Egs. (18)-(19), and a comparison of th

: — Baseline Revised Model
,,,,,,,,,,,, L _| == == === No Sinusoidal Forcing

Number of Debris Fragments in LEO

No Sinusoidal Forcing, p = 130

s_olution of th_e simpliﬁed rr_lodel to _the base %000 2100 2200 2300 2400
line model without sinusoidal forcing (Egs. Year

(14)-(15)) is shown in Figure 10. Note the
similarity of Egs. (18)-(19) to the original

2500

Figure 8. Comparison of model behavior with sinusdal forcing

model of Reference 5 in Egs. (1)-(2). In (soiid black line), without sinusoidal forcing (dased gray line), and

effect, by starting with a complicated model without sinusoidal forcing but with a modified
and neglecting terms based on their relative p coefficient (solid gray line).

contributions, this analysis has independ-
ently confirmed the basic model of Reference 5t-wiih one key excep-

tion. The new model contains a negative term inltfd equation due to the —=a-xnN

orbital decay of fragments. This term introduces@uilibrium point which,

as will be shown, in most cases is asymptotictdlpla This significantly dn n

changes the character of the end behavior of igoso o pa— o +axnN
Nondimengonalization. As is clear from Egs. (18)-(19),

the simplified model contains a total of five terdescribing dm

dN/dt anddr/dt. There are three variables in the systsm,( ds 1- zPMm

andt), so a nondimensionalization scheme can be sklecte

produce a system that can be completely descrijperdido dm =1-m+ yMm

parameters. Solving for appropriate normalizingapeters ds

yields the system in Egs. (20)-(23). Using the ipeters in B 2 Yij

Table 1 (except withp = 130 years as discussed earljes}, x=Xapa pP= a

3.660 angh = 0.007. Botly andp are unitless. Paramejgr

which characterizes the severity of the debrisasezrcon- M = N m=_"_ s= t

sists entirely of quantitie,(a, p, anda) that produce a less ap pfa p

desirable debris scenario when increased. TheiSdelio”

1C

(18)

(19)

(20)

(21)

(22)

(23)



parametep is the ratio of average debris release
per launch to average debris released during
collision between a fragment and satellite.

AN

The variablesvl, m ands (nondimensional RN AR
versions oN, n, andt) are all of an order of mag-  eeord v AR
nitude between 0.10 and 10 for the solution usil NN RN
the baseline initial conditions. For exampl,= £ NN N
No/(ap) = 1.138m, = ny/(psa) = 0.3861, anthm,  § NN RN
=tmadp = 3.85. Note that the small valugpf(= 5, 13000 : SN
0.0256) explains the initial linear growth in thé; NN \E\?r\b\'\\\p NN t NARNNANN
number of intact satellites, visible in Figure 1(5 NN PN

As Eq. (20) shows, jfp is zerodM/ds = 1 and °
this growth is exactly linear.

Determination of Equilibrium Points From
the simplified equations above, it is straightfor
ward to solve for equilibrium points. Setting
dM/ds anddnvds to zero yields Egs. (24)-(26).

2e4077

Insertingy = 3.660 angb = 0.007 yielddvi* = 0 1000 2000 . 31;00'7' 4000 5000 5000 7000
0.2713 andm* = 143.9, the only equilibrium
point of the system. Translating into dimension: Intact Satellites, N

quantities\* andr* vieldsN* = 1107.9 satellites Figure 9. Direction field of the no-sinusoid modelThe stable

andr* = 41_'120 _miIIion fragments. These values equilibrium point is shown as well as the path traed with the
are almost identical to those from the more com- actual initial conditions (the solid black line).

plicated model from Egs. (14)-(15).

In the case gf << 1, which is reasonable on 1 1
physical grounds and given the baselired.007 M = ~—
value, the formulas fad* andn* simplify further Zp(lJrlJ 4
to the versions denoted after the “~” symbol in
Egs. (25)-(26). In this caseN* = 1115.7 satel- 1 1
lites and* = 40.834 million fragments, which is N"=apM "~ = ~
still very close to the values from the higher- Xp ﬂ(l s j Xpe
fidelity model.

Interestingly, Egs. (25)-(26) show the equi- o
librium value ofM is almost entirely governed by n* = pfam’ = pﬂa(lJrJ ~ pax (26)
#, and the equilibrium value af is entirely gov- s
erned byp. This is convenient, although care
should be taken in interpreting this result. Faneple,y is proportional to launch rageandM* is roughly propor-
tional to 1§, so doubling launch rate roughly haNés. However, this does not necessarily h&lesinceN* has
been normalized by the product of launch rate hadhcteristic fragment orbit decay time. The réstiftat, whileV*
does halve wheais doubledN* does not change. Thus, it is worth emphasizingxample, that greater valuedvbf
translate into greater value\bbnly when all parameters remain constant.

As Eqg. (25) shows, the equilibrium valuehbis primarily governed by the intact-fragment satin probabilityx,
the characteristic fragment orbit decay tipp@nd the number of fragments created per collisiorhe number of
fragments produced per laungplays a small role if it is much smaller tharEquation (26) shows the equilibrium
value ofn is primarily governed by the characteristic fraghmebit decay time, global launch rate, and the number
of fragments created per callisienAs in Eq. (25), the number of fragments prodyeedaunctp plays a small role if
it is much smaller than. Interestingly, note launch rate plays no rolestting the equilibrium value of. Equally
surprising, the collision probabiligplays no role in determining the equilibrium vatdie.

(24)

(25)

" Throughout the rest of this work, “~” indicatewit asp (or 8, where appropriate) approaches zero. This isidgént
to the limit ag), which will be introduced & =p + 1, approaches unity.

11



Sahility of the Equilibrium Point. Intact Satellites in LEO

With the equilibrium point of the simpli- ~ 8°°T———— T T e
. . . No Sinusoidal Forcing, p = 130

fied system identified, an important ques Simplied Model

tion to address is whether the point is st

ble and, if so, under what conditions. Tt

address this, the system is linearized abc

the equilibrium point. The eigenvalues o

the linear system are given in Eq. (27,

whereQ = p(1+1p) to simplify notation.

Forp<<1,Q~1andfop >0,Q>1.

Sahility for y > 0and Q ~ 1. The most
important observation from Eq. (27) is
that, due to the #D term, the square root
term is always smaller than th&€)(+ 1 -
1/Q) term to the left of the square rooy if
> 0 andQ > 0. Because of this and the fac , _ _
that Q + 1 - 10Q) is positive and preceded x 10 Debris Fragments in LEO
by a negative sign, both eigenvalues a }
guaranteed to be negative. No positiv
values ofy or Q (or p) can cause instabil-
ity. This covers most scenarios since bot
x andQ are generally positive quantities.

Equation (28) approximates the ei

genvalues of the linear system under tt
assumption tha ~ 1. This equation re-
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. |
veals more clearly that, although the ei 2 o R T
genvalues can never be positive, they c: 1 /A No Sinusoidal Forcing, p = 130
take complex values if Oy< 4. ol : | Simplified Model
Figure 11 illustrates the behavior of the 2000 2100 2200 2300 2400 2500

system in then vs. M phase space for Year
scenarios in whicly = 3.660 is decreased kg e 10. Comparison of model behavior without siasoidal
or increased by a factor of 10 (wjttiixed forcing and with p = 130 years (gray line), and without

at 0.007). The left plot shows oscillatory negligible terms (black line).
behavior and the right plot does not, as
expected from the 0,<< 4 condition. The

% = 3660 behavior is wel ilustrated by , _1 { Q41 1} . \/( Q41 1j2_ 4,0 @7)

Figure 9, though this case is closg to4 and 2| Q Q

the oscillatory behavior is only slight. If trans-

lated into a change in launch rate (sipée 1

directly proportional t@), the implication is that an increase in laundb by 1 ~— (— e i 4;() (28)
just 3 satellites per year would remove the osaiffabehavior; that is, the 2

baseline scenario is only borderline oscillatory.

An additional note regarding stability for thisteys arises because of the potential oscillatorsndehfor 0 <y <
4. It may be recalled that the simplified modeldoet include the effects of sinusoidal forcingichiraises the ques-
tion of whether these terms could produce reson¥viuée linear stability analysis does not applyfifam the equilib-
rium point, it is possible to examine the reson#sstee in the area of the equilibrium point.

Based on Eq. (28), the most negative valug/#haty can take is -4. Thus, the largest possible imagieat of
the eigenvalug is *i. As a result, the highest possible frequencysafasoid for the local homogeneous solution is 1
radian per nondimensionalized time uifThis corresponds to a dimensional frequencyGif/&9 radian/year, or
equivalently an 817-year period. Thus, given aortuniate value gf, resonance is locally possible if a sinusoidal
forcing function exists with a period of 817 yearsnore. It is impossible for periods shorter tthégi(e.g., the 11-year
solar cycle and 3.3-year launch cycle periods).
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Figure 11. Direction fields of the simplified modeivith ¥ = 0.366 (left) angy = 36.6 (right). Note the oscilla-
tory behavior for the case in which 0 ¢ < 4. Also note that the axes of the plots have fdifent limits.

General Sability. While the discus- 15
sion above applies to most practical sct
narios, some interest in stability may exis
for special cases outside of the 0 and i f,ZnA_'zécEmamry
Q ~ 1 regime. Based on Egq. (27)
Figure 12 shows the equilibrium point’s
behavior over a wider range pfandp.
Black lines indicate the boundaries be
tween stable and unstable regions ar STABLE * ]

Q  Of )
gray lines indicate the boundaries betwee Oscillatory
oscillatory and non-oscillatory regions. As
expected, thg>0,p > 0 region is entirely 05 i

stable, and the baseline equilibrium poir
is near the oscillation boundary, whict

T T

0.5F 4
Baseline Equilibrium

4 = 3.66, p = 0.007

. _ -1 UNSTABLE 7
Crosses thﬂ axis afy = 4. STABLE Non-oscillatory Oscillation Boundary
One reason this general stability migh Non-osc. Stability Boundary
be of interest is if effective launch rate 15/ 0 1 5 3 . : 6
becomes negative, would representin ¥

implementation of a program for actively
deorbiting more satellites than are
launched per year. In this cage; 0, and

if p > -1 the equilibrium point becomes unstable. Aaiotkason this general stability might be of irstassif an orbital
fragment collection program were implemented toeyisk O such thap] is comparable to (if |5| <<a , theQ ~ 1
approximation still holds). In this case, the eégrilm point could also become unstabjeliecomes negative enough
to cross the curved black line in Figure 12.

Time to Peak as a function of y and p. The final point in this section is based on atmacconsideration. While
equilibrium and stability are analytically intenegtand helpful, they deal with the final statera system and shed
little light on the time dimension of the probldmthe case of orbital debris proliferation in LE(nay take hundreds
of years to approach equilibrium. In all casesiastldo far, however, a catastrophic event — thie gead sudden de-
crease of intact orbiting satellites — occurs elbre long-term equilibration.

Figure 13 illustrates this concept for a familysolutions with varying values gfbut identical initial conditions
(Mo =1.138my = 0.3861) and values pfp = 0.007). Note in the upper plot that the timelaitivthe number of satel-
lites in LEO peaks (i.eMsy) decreases gsncreases. This is not captured by equilibrium idenations.

One advantage of the simplified model in this visttkat it completely describes the dynamics ottianges itN
andn (or M andm) in terms of two parameters rather than the fiviaé simplified [dimensional] model. That is, spec
fication of y andp (plus initial conditionspetermines a unique solution. Using the stankigrd 1.138,m, = 0.3861

Figure 12. General stability of the equilibrium pont
as a function ofy andp.



initial conditions used throughout this work, Family of M-curves
these unigue solutions have been comput
for a range ofy and p values, shown in
Figure 14. For example, in the upper plot th
gray star indicates that the nondimension
time at which the baseline case reaches
maximum satellite population &= 0.8. Us-
ing p = 130 years, this translates into t = 10
years, plotted in the lower plot.

Note also that time to peak decreases a
increases. For exampleyiincreases tp=7,
the nondimensional time to peak is halves to
= 0.4. Such an increase jncould occur by
doublingx, a, or a, or by multiplying p by ' ' s
1.414. If the increase inis due to the dou-
bling of x, a, or a, the dimensional time to
peak becomes= 52 years. If the increase is
due to a change in this changes bothand
the scaling relationship betwegsandt (since 300
s=t/p). In this case, the dimensional time tc
peak becomes= 74 years. This illustrates the
use of Figure 14 for conducting sensitivity 5oL
analysis and first-order trade studies. Nol ¢
that, whiley is the dominant parameter gov- 150
erning this time-to-peak metric, the slopes i
the contours of Figure 14 illustrate that th
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parametep is still important. 50
IMPLICATIONS FOR  ORBITAL 0 _ _
DEBRIS MITIGATION s

With a new model now available and

thoroughly examined, the obvious question Figure 13. Family of simulations for the same initil conditions
becomes: What can the model tell us about butvarying y values p =0.007). Inthe upper plot, note the
how to improve the future of orbital debris backward shift of the time at whichM . occurs ag; increases.
proliferation? This section addresses this ques-

tion in three parts. First, strategies for imprgvihe equilibrium state are discussed. Secontegtra for extending
the time-to-peak metric are discussed. Third,ghkelts of a simulation are shown in which modeptavements are
made as discussed in the first two discussions.

Discussion in this section will be guided by tinepdified model presented above. As a result, fedgiide on the
following five parameters, and particularly on firegt two:

= Effective Launch Rate 6) is one of the most easily modified by governmelitipe and programs. Reduc-
ing this number could occur by reducing the nurobeatellites placed in orbit per year (e.g., lauadew
large instead of multiple smaller satellites) oabijvely deorbiting intact satellites.

=  Fragments per Launch f) is also susceptible to domestic and internatioolaypand has indeed been de-
creasing as policies have been introduced to xerte propellant from upper stages after laundadireg
the likelihood of an upper stage explosion). Tlaisameter also accounts for anti-satellite missgest the
debris from which is effectively averaged over ldenches between tests. It can also account felyct
deorbiting fragments (for example, through maskasrogel deployed by dedicated “sweeper” spat§craf

= Intact-Fragment Callision Probability (x) is difficult to change, although Egs. (9)-(10)yide some in-
sight into how this might be done. While averageedgs largely determined by orbital mechanicsthad
volume of the LEO belt is fixed, satellites coutdrbade smaller to reduce cross-sectional aredtididdiy,
if active collision avoidance is employed, this lgaonanifest itself through reductionsXnFor example, if
10% of collisions with debris could be both prestichnd avoideck would be effectively reduced by 10%.

14



Note, however, that any such reductiorxanathematically applies to all intact satellited aot just those
that are currently active and controllable.

=  Average Fragment Orbital Lifetime (p) is also difficult to change, but theoretically @bk accomplished
if debris fragments are changed to have larges-amgtional areas or lower mass, are distributed toe
ward lower altitudes, or are subjected to largaoapheric densities. For example, some creatiyogats
have included locally heating the atmosphere muym®high-density bulges out to satellite altitddes

=  Fragments per Intact-Fragment Callision @) is a third parameter difficult to change. Howetlgg might
be modified if satellites are manufactured withcttires or shielding designed to fracture into fewexes.

Note that these are the only parameters thateippgba simplified model and are the primary meafrisfluenc-
ing orbital debris proliferation. As shown earligre other eleven parameters in Egs. (3)-(4) arepantant for de-
scribing equilibrium or time-to-peak behavior.

Sustainability: Improving the Equilibrium State

The first question this model can help answer vg the equilibrium state (the number of satellited flagments
in LEO) can be improved through action by goverris)esatellite manufacturers, and satellite usetsleVéquilib-
rium is reached only after a long period of
time, it is useful as an indicator of the sustair Nondimensional Time s at Peak Satellite Population
ability of use of LEO.

Throughout the following discussion, it is
assumegh << a so the equilibrium point is 0.016 -
negligibly affected by. That is, it is assumed  ¢.014/]- |
the number of fragments created per launc s 1, |T.
(or destroyed per launch,Af< 0) is much
smaller than the number of fragments create = %[ |
per collision between a fragment and a sate ~ 0-008 |
lite. Recall the baseline value 6k is 0.007 0.006 -} -|
and that worldwide mitigation efforts have in
generalreduced this number by reducing
Thus, << a is a reasonable assumption, prc

0.018 -{-

e &
4

e e — - — == — = == ]
|

0.004 -} -

0.002

0.014

0.006 |- 1

0.004

vided anti-satellite tests (which would effec
tively increasgg) remain uncommon.

Increasing Equilibrium Satdlite Capacity. Years until Peak Satellite Population (assuming p = 130 yrs)
One measure of the sustainability of LEC \ | ‘ ‘ ‘ |
satellite operations is the total long-term (equ ~ 0.018 | > - \ - *“\*
librium) capacity for intact satellites. In terms  ¢.016 \
of the model in this study, this is represente
N*, an approximate formula for which is
shown in Eq. (25). While there is no clea = %2
ideal long-term value df*, some insight can o 0.01 "= 3166, p = 0.007
be gained by solving for the conditions re  o.008 SR
quired to makeN* equal to the number of
intact satellites in orbit todai}{ = 4650, from
Table 1). In other words, what conditions
would need to exist to make the current nun ~ 0.002
ber of intact satellites sustainable?

Figure 15 showsl* as a function of and
pa. Note that, according to Eq. (25), the onlyrigure 14. Time at which the LEQ intact sateliite jppulation peaks,
parameters that have a significant influence on  referenced to 2009 and generated using the simifl model
N* arex, p, anda; however, as noted earlier, of Egs. (20)-(21). Initial conditions aréVl, = 1.138m, = 0.3861.

" The casg < 0 with Jj| not much smaller tham (e.g., for a massive debris fragment cleanupteiiaiscussed later.
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these three parameters are difficult to change. .
Figure 15 shows, if it were impossible to chanc ~
these three parameters from their nominal valu < 8000
in Table 1, the equilibrium number of intact £
satellites in LEO would be about 1100, less the
25% of the number in orbit today.

Perhaps the most easily envisionable way
influencingN* is through changing the annual
per-fragment probability of collision for an intact -t
satellite. As mentioned earlier, this may mos :
easily be influenced by changing the cros: 0 l
sectional area of satellites. Figure 15 shows tr v 8
if the current number of intact satellites is to b Fragment-Intact Collision Probabilty (9, yrfag™  x 10
theloeqwhbnum va(!ue( must be reduced ©0 1.6 X g e 15, Equilibrium number of intact satellitesin LEO
10" to 2.1 x 10° per year per fragment, de- as a function ofx and pe.
pending on whethgoa remains the same or is
reduced by 20% (for example, by reducing lmptnda by approximately 10%), respectively. This corresisdo a
reduction in effective cross-sectional area frof7 3n? to between 0.87 m2 and 1.15 m2. This trasslato reducing
satellite length scales by roughly a factor of &md thus reducing volume by a factor of 8 whilesyneably retaining
the same functionality. Clearly this could be antiag task. The alternative of reducixgy a factor of four through
active callision avoidance is equally dauntingnefeollisions could somehow be avoided for al) B&tive satellites
in LEO;" there would still be over 4,000 inactive satell{@8% of the population) for which no controlvsitable.

While it may be daunting to meet this goakaompletely, there is still benefit to small redes. For example,
if the typical 2.2 m diameter assumed earlier éaiced by 2 cm
(about 1%)N* increases by about 12 satellites. This suggegtt-de ON* 1 1 (31)
opment efforts aimed at miniaturization may be faklpom an or- =—— ~——
bital debris risk perspective. A more formal staeton this is given X x*pla+p)  x*pa
by the partial derivativé\N*/ox in Eg. (31).

Minimizing Equilibrium Collison Probability. A second measure of sustainability is the eqjuifibprobability of
collision for intact satellites. This metric is paps more important than the intact satellite iguin capacity because
it defines the minimum level of risk tolerance indliials or organizations must have in order todgein use satellites
over other alternative methods of communicatiargmeaissance, or remote sensing, for example.

This equilibrium annual collision probability,
Pwi*, is proportional taw* through Eg. (32), de- ., oV . oWV oV
rived from the gas-dynamics-based Eq. (9). Pt = v " Ty pa( +a) ~ VR
Figure 16 showBy* plotted as a function of
aandpa.” Cross-sectional area, average orhital velocity,L&0O volume are assumed fixed. The vertical linénée
figure shows the nominal settingaobased on Table 1. The intersection of this lirik thie blaclkpa line indicates that
the nominal equilibrium collision probability is8% per year; ifo can be reduced by 20% (the light gray line), this
changes slightly to 2.3% per year. For contexd,dbiresponds to a 20-25% probability of colligemd corresponding
loss of satellite) within 10 years and a 29-34%babdity within 15 years, well within the expeciddtimes of many
satellites. This represents a substantial risk atle risks that already exist for failure duedmponent malfunc-
tions, and it is questionable whether such a r@hdwsupport the continued use of satellites fanynagoplications.

The horizontal line in Figure 16 shows the typiatlire rate of LEO satellites after 1 year in b{@®i93% per year,
derived from Reference 143nd can be considered currently accepted by talitsandustry. If the industry might
accept an orbital debris collision risk on par wiitl risk of all other failures, this number seragsn estimate for an
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" Note that this collision probability is inherergiyeraged over all of the LEO volume.

" The model used to generate this estimate is aNMeiiribution model with infant mortality, soi#10.93% per year
estimate is on the high side of a currently acbépfailure rate.
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appropriateP* target. As Figure 16 shows,
this would require reduction of the global LEC
launch rate to 10-13 satellites per year. Th
could involve reducing the number of satellite
launched or, for example, continuing to launc
31 per year but actively deorbiting 18-21 sate
lites per year. Either change is substantial.

Similar to the previous section, it is instruc
tive to take the partial derivative of Eqg. (32
with respect t@. This expression, in Eqg. (33), ‘
indicatesoPy*/0a is constant witra. For the ole | | P | ‘,
nominal values oby, v, V, p, anda used 0 10 20 30 40 50
throughout this study, the this derivative i Launch Rate (a), sats/yr
OPw*/6a = 0.000898 yt. Thus, for every 11-
satellite launch rate reduction (or, alternatively,
every 11 satellites deorbited per year), the equi-
librium annual probability of collision is reducayg nearly 1%. P’
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Equilibrium Probability of Collision

Figure 16. Equilibrium annual probability of collision for
intact satellites as a function ok and pa.
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Buying Time: Delaying Time-to-Peak oa \4 \4

As the previous section indicated, creating an paabke

equilibrium state would require substantial changele annual satellite launch rate or size @fltes in the LEO
population. Ultimately, these changes may be ragesince equilibrium will eventually be reachedwéver, a rea-
sonable guestion is whether the time-to-peaki(tretbefore the “crash” in intact satellites) cardblayed while tech-
nology development and policy efforts are undenaeolve the equilibrium problem.

For the following discussion, the baseline mod#h wb sinusoidal forcing arl= 130 years is used (Egs. (14)-
(15)). Since negative valuesafindg are considered, an additional rule was addecet™IRTLAB numerical inte-
gration to setiN/dt = 0 if N <0 anddr/dt = 0 ifn < 0 to avoid negative numbers of satellites andrirags.

Figure 17 shows how time-to-peak changes as laatefand debris per launch, the two most easilygeradble
parameters, are varied over a reasonable rangdabhiine case defined by the nominal parametérabite 1 is
marked by the gray star. This indicates

that the current peak in the number of I |
intact satellites in LEO occurs in about 8
97 years, or in the year 210 8 is 2 200 € f % |
held constant analis decreased, time- N \ Baseline Case ‘9”‘-\‘
to-peak increases untl = 19 satel- 2 = a=314,p=70
liteslyear, at which point time-to-peak § 100 5 * ~— 1
is 100 years. Aa is further decreased & < 100 %
and launch rate becomes very low, = ol B \\
time-to-peak decreases urtic 0, at = g 8 ]
which point the maximum population § e S T 001
of intact satellites is maximumtat 0 - -100r 120 —
since no satellites are being launched “f @ /' V1750
(and some are being destroyed by de- 5 gl g
bris). Thus, decreasing locally has & 200 £ ] 00—
little effect on delaying time-to-peak. L S &9 225
In partial derivative terms, for every PO B (1) A ‘ ‘

0 10 20 30 40 50 60

launch avoided (or satellite deorbited)
per year, 3 months are added to the
time-to-peak. Figure 17. Time to Peak (in years) as a function of
launch rate a and debris per launchy.

Launch Rate (a), satellites/year

" Since the no-sinusoid model of Egs. (14)-(15%&ito generate the results of Figure 17, the rabtitime-to-peak is
slightly discrepant from the full model of Eqs.-(8). This is the reason for the 2106 vs. 2108 gisagreement.



Turning to the situation wheeeis held constant anglis decreased appears much more fruitful. DeciggAtim
zero (i.e., eliminating debris release per lauacHestroying as much debris as is generatedyreabrings time-to-
peak to 103 years. In partial derivative termsefa@ry debris fragment not released per launchmnameh is added to
time-to-peak. Decreasirftoeyond this, time-to-peak is delayed to 120 yaacs®= -110. Such a value fgrwould
require the deployment of systems that are ablestieep up” 110 debris fragments for every launcthefyear. A
critical point is reached onge= -190. Here, time-to-peak rises to over 200 yé&drgsically, this occurs because at
aboutp = -190, the fragment population is entirely “clehnp” at a rate gfa = 5,970 fragments per year for 60 years.
Then, for several decades the fragment populaimains zero until the intact satellite populatieasrenough for the
intact-intact collision rate to exceed the maxinfal@an up” rate; at this point, the fragment pofotegrows, precipi-
tates additional collisions, and eventually peaks.

One surprising outcome of this time-to-peak aralgghat, unlike the equilibrium discussion ineki# had neg-
ligible influence anc presented the primary means of reducing longH+tisk®, the opposite is true. In terms of time-
to-peak,a has a minor influence whije presents a potential solution. Further, value8 reiquired for centuries of
time-to-peak extension remain within {hled< a regime assumed for the simple equilibrium equsitanlier.

Example Modest Improvements

The previous sections have highlighted three mafaingoroving the equilibrium and time-to-peak clusegstics
of the debris proliferation problem: reductiorsatellite size (to reducg , reduction in global launch rat),(and
reduction in fragments released per laugth {While these primary mechanisms can be tweakethny ways, pre-
sented here is a scenario illustrating the implégtien of reasonably ambitious policies for orhitebris mitigation
using the model of Egs. (3)-(4). Hexds set to 5.585 x T8yrfrag® andy is set to 1.109 x Torsat’, representing
a 10% reduction in satellite characteristic
length dimensions. Tha andb launch rate Intact Satellites in LEO
parameters are settoof their original values, e
representing policies encouragirgof satel- 7000
lite owners to deorbit their satellites at the en
of their useful lives. Thusa = 20.94 satel-
lites/year andb = 5.196 satellites/year. Finally,
£ is reduced by half (t8 = 35), representing
policies encouraging further limits on launch
related debris. Recognizing that such chang
take time to implement, the simulation only
begins using the new constants after the ye

Baseline Parameters |
Improved Debris Policies
6000 ***** i e e e
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2019 (at = 10 years), in close agreement witl oerTT 3 1 l
the assumption of Reference 27. 72050 2100 2150 2200 2250 2300 2350 2400 2450 2500

Figure 18 shows the result of implement Year
ing these coefficient changes in the nomini
model of Egs. (3)-(4). In the top plot, note the %10 Debris Fragments in LEO
the peak number of intact satellites occurs ] I S e el e
the year 2134, 26 years after the origin: Base"nz Pafmeterl.s. ,
model, and the “crash” following the peak improved Debris Pofcies
takes about 40 years longer. Additionally, th
equilibrium value of the improved-policy
model is slightly higher. In the bottom plot,
the ramp to the peak amount of debris |
slower in the improved-policy version, the
peak itself is about 20% lower, and the equ
librium value is about 25% lower, all reflect-
ing lower probabilities of collision for intact
satelites. Overall, this illustrates how modex 072050 2100 2150 2200 2250 2300 2350 2400 2450 2500
changes to the parameters of the model, 1 Year
example through debris mitigation policies,
can substantially delay or reduce the prolifera-
tion of orbital debris.

Number of Intact Satellites in LEO

Number of Debris Fragments in LEO

Figure 18. Number of intact satellites and debrishgments in
LEO as a function of time, comparing the baseline wdel to
one with modest policy improvements.
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CONCLUSION

In summary, this work has extended the model @bbdebris proliferation proposed by Referenceniavetain-
ing the original model’s simple two-equation foithe new model includes effects such as atmospiragand colli-
sions between intact satellites, and coefficieat®tbeen re-estimated based on current data. snalytis new
model reveals that although Reference 5 accoumteddst major effects, a critical term was missmamely the re-
duction in orbiting fragments due to atmospheiggdi his significantly changes the character afadrdbebris prolif-
eration from one of unbounded growth to one of exatrequilibrium. Moreover, analysis has shown thiatequilib-
rium point, which did not exist previously, is $&afor most practical values of model parametdnsisTthe debris
problem becomes less one of bounding the grovabtwfs and more one of ensuring an acceptabléoeguil.

Without any changes, the current equilibrium stitevs only 25% of the intact satellites in orbddy and pre-
sents a 2.8% per year risk of catastrophic callifoindividual satellites. Methods for improvitigs equilibrium state
have been explored. Two promising options appdae teducing launch rate (or increasing deorla) said reducing
satellite size. While the reductions required tngothe equilibrium satellite capacity and equillibr collision prob-
ability to acceptable levels appear too drastisstammediately practical, the analysis did suggesill changes in
these parameters could provide significant gaimsefzery centimeter decrease in the average tealefigth scale,
about 6 satellites are added to the LEO equilibgatsllite capacity. For every 11 satellites algtieorbited (or not
launched) per year, equilibrium collision prob&piior individual satellites is reduced by 1% peary

With this said, although equilibrium considerati@ms important because they describe the eveateabf the
LEO satellite population, another important consititen is whether the characteristic “crash” inshtellite popula-
tion can be delayed while technology developmeathar policies are implemented. Examination sftihie-to-peak
metric shows that changes from the current lauatehirave a minimal effect on the baseline 97-yew-tb-peak,
while reductions in the average amount of deleisgul into orbit per launch can have a substafiéat.én particular,
if 190 pieces of debris or more are collected aendh, time-to-peak could be extended by centrigs.makes a
potentially compelling case for the developmerspaicecratft to catch (or actively deorbit) piecafebfis at the rate of
5,900 pieces per year (i.e., 190 fragments for eb8th launches per year). While not an easy ‘teatch rates” in the
hundreds or low thousands of fragments per yeaodseem impossible. However, regardless of whetiofr space-
craft become a reality, reductions in orbital fragia released per launch appear more cost-effective short term.
For every satellite actively deorbited (or for gvaunch avoided) per year, time-to-peak is extrime3 months.
According to the data shown here, this same 3-mexitsion can also be obtained by releasingljuse fewer
fragments per launch. While further investigat®required, technology development in this areabagystified.

One danger of the results presented here is thaptidict the “crash” in the satellite populatwiti happen in
roughly 100 years, which might seem to imply thabjam should be a low priority. However, all sintiolas in this
work have exhibited this “crash”, followed by aliigvel of risk and low satellite capacity in thie@mnath. Orbital
debris is a strategic threat to the global spdisiructure, and the space industry's managenhéme aituation will
be largely a function of the preparations madepafides implemented decades prior to the evesit its

It is important to note that this study has linwas. For example, this study did not explicitigtitiguish between
orbital bands, some of which have higher satelfittfragment densities than others. The focusias®n the overall
properties of LEO orbital debris proliferation grder to identify trends, key dependencies, ancbaippate estimates.
For instance, orbital bands with high satellite &agment densities will likely experience highanaal collision
probabilities than the average values used headl fof LEO. Also, this work has assumed continuargables and
equations when in reality satellite launches afiidions are discrete events. Additionally, the oS&space-sweeping”
satellites might also be modeled more accuratdlyariuture; for example, it is likely that the tdarate” would de-
crease as more fragments are caught, since thesiégywould become increasingly more difficultimol fFinally, a
useful next step in this model’s development wbel@d rigorous validation against higher-fidelitygiations.

Overall, this work has employed a variety of amaltools on the practical — and globally critiegbroblem of
long-term debris proliferation in low Earth orltitis hoped some of the ideas, methods, and rasutiss work will
find use in the broader community and provide quéddo help inform future decisions on debris mii@n policies
and technology investments.
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