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FORMATION CONTROL PROBLEMS
FOR DECENTRALIZED SPACECRAFT SYSTEMS

Eric Douglass,” Marcus J. Holzinger,!
Jay W. McMahon? and Andris Jaunzemis$

This paper investigates controlling spacecraft formations, as opposed to indi-
vidual spacecraft in formation, with the intent to determine whether Leader-
Follower formations are error- or fuel-optimal. An formation optimal control
problem is developed wherein formation slots and spacecraft barycenter
weights are the formation control variables. Restricted formation control prob-
lems are presented which investigate the effect of controlling the individual
spacecraft barycenter weights based on minimum Lyapunov formation error
and also based on minimum fuel costs. It is shown that a Democratic formation
works well with no a-priori knowledge of the formation state or orbit ele-
ments. Further, detailed simulation results suggest that Democratic formations
tend to have lower overall fuel usage than strict Leader-Follower formations.
Conclusions and future work are discussed.

INTRODUCTION

There is an ever growing need for solutions to spacecraft formation control problems due to
increasing complexity in spacecraft systems. The fractionation approach to spacecraft systems in-
volves decomposing large spacecraft into smaller, specialized spacecraft which work together to
achieve shared goals.! There are advantages to this method, such as improved reliability and al-
lowing a system to increase its coverage area at a lower overall cost;> however, this drastically
increases the complexity of the system and its on-board autonomy systems. Due to restrictions in
uplink/downlink connectivity it is neither feasible for a central ground control system to control
the entire formation, nor is it always practical for a single spacecraft to bear the burden of central-
ized Guidance, Navigation, and Control (GNC) for the entire system. Therefore, a decentralized
formation GNC system is desirable.

Orbiting bodies are subject to oscillating, gross, and differential perturbations. In the presence of
perturbation, mean orbit elements essentially ‘average out’ small oscillations in each spacecraft’s or-
bit, and have a one-to-one mapping with instantaneous orbit elements.* Gross perturbations affect
the entire formation and can incur large Av costs if rejected. In formation control, it is preferable to
ignore gross perturbations in the short term and focus primarily on relative orbit maintenance. Fur-
ther, unperturbed differential mean orbit elements, with respect to a formation barycenter, behave
similarly to constants of motion for arbitrary orbit regimes, and change slowly under perturbations.
For these reasons, they are ideal for use as consensus variables in formation flight systems.
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Current formation control formulations typically assume a Leader/Follower (L/F) architecture.>-%

This architecture is advantageous because it reduces the formation control problem to a tracking
problem where each follower spacecraft has an error directly relative to the leader. The issue with
this architecture is that it defines the leader spacecraft as having zero error and therefore uses no
fuel, which may or may not be desired. A way of mitigating this problem is to switch the leader-
ship designations between spacecraft in the formation to balance fuel.” However, it is possible that
Leader/Follower formations are not the ideal solution for optimizing fuel balancing, or for minimiz-
ing fuel usage of the formation as a whole. This paper investigates formation design and control to
identify minimum Awv formations.

Previous works by the authors have outlined methods for defining a weighted formation barycen-
ter for the spacecraft formation. It has been shown that by using differential mean orbit elements as
consensus variables, even with intermittent communication links between each spacecraft in a for-
mation, the system is able to reach consensus on formation state estimates.8 It has also been shown
that with this system definition, the spacecraft can be controlled in continuous time to eliminate
their state error in the presence of navigation error.” Further building on decentralized mean orbit
element formulation, sufficient conditions for formation stability in the presence of uncoordinated
impulsive maneuvers have been shown to exist.!”

With the groundwork of individual spacecraft formation control slots and trajectory maintenance
in place, it is possible to look at problems involving the formation as a whole. A formation definition
which conveniently separates the formation control problem from the individual spacecraft control
problem is needed, which will allow the formation control problem framework to be applied to
any spacecraft formation. Formation control is different from individual spacecraft control. The
spacecraft may have arbitrary control policies, and the formation control definition still needs to
be able to manage these. Using this definition, questions about what formations are best for the
spacecraft system as a whole can be investigated.

The main contributions of this paper are to 1) develop a dynamical system definition for a general
spacecraft formation that uses differential mean orbit elements and allows for varying spacecraft
weights; 2) propose an optimal formation control problem for controlling individual spacecraft
weights and mean orbit element formation slots, 3) find a minimum formation Lyapunov error
formation design, and, finally, 4) to find a minimum Av feedback formation controller for formation
weights.

This paper begins by reviewing necessary concepts developed in previous works. Next, a full
nonlinear optimal formation control problem is be presented. Due to the complexity of the optimal
formation control problem, more restricted formation control problems are proposed and addressed.
These include a formulation for a minimum formation Lyapunov error weighting scheme as well as a
minimum Av feedback formation controller for weights. A simulation is developed and several test
cases for different control laws are presented and compared to evaluate the efficacy of the minimum
Av feedback formation controller. Lastly, conclusions and future work is discussed.

PREVIOUS DISTRIBUTED FORMATION FLIGHT WORK

To provide context for the contributions of this paper, definitions from previous works by Holzinger
& McMahon® !% which describe the distributed spacecraft formation must be introduced. This paper
uses the classical orbital elements, a, e, 7, €2, w, and M.

Definition 1. Weighted Formation Barycenter®

1338



The formation mean orbit element barycenter o_ez at time ty, given weights wz and reference
differential mean orbit elements dce;. ;. is defined as

Ny Ny

Y b o »

cey = Zw;cmk = Zwlk(mz‘ —dcey ) (D
i—1 i=1

where the weights w,iC € R are such that 0 < w,iC <l,i=1,...,Ny, and w,ﬁ + -+ w,ivf =1

The weighted formation barycenter is the weighted average of each spacecraft’s calculated barycen-

ter, ciei’l. The calculated barycenter is each individual spacecraft’s mean orbit elements offset by its

differential mean orbit element reference offset (or formation ’slot’), 56efn .
Definition 2. Formation Slot®

A formation slot is defined by a spacecraft’s choice of 5@3,]{. The only constraints placed on
0ce; . is that they be well defined on the orbit element space (e.g., differential mean eccentricity €,

such that 0 < éz + (Sé}'c < 1) and satisfy user-defined constraints, such as collision avoidance and
other operational needs.

Definition 3. Relative Formation®

A spacecraft formation is said to be a relative formation when each spacecraft is aware of all
other formation spacecraft (i.e. given a set of formation spacecraft F, the size of F, Ny, is known,
and a specific spacecraft is associated with each © € F), their respective current mean orbit ele-
ments oey, and barycenter weightings‘w}c. Further, each spacecraft must know its own differential
mean orbit element formation slot 6ce}, ...

The value of the differential mean orbit elements is given by
deel = cel — el (2)
which can then be used to define the instantaneous differential mean orbit element error:
Jej, = o), — el 3)

When 56};%0 Vi € F, the formation has zero error. With the definitions pertaining to the spacecraft
formation in place, Definitions, Lemmas, and Corollaries necessary to describe formation stability
can be introduced. Often the time subscript (-); is dropped as a matter of convenience and should
be considered to be implicit. To begin the stability relations, the Lyapunov function used to measure
stability must be introduced.

Definition 4. Formation Error Lyapunov Function'’

The formation error Lyapunov function is defined as

1 ) .
V=3 D (58" - 5e') @)

s

The mean orbit element state error for each spacecraft i in the formation F is weighted equally.
Note the definition of Vin (4) is such that V>0 V 5&t, i e F.
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Now that the Lyapunov function has been defined, a condition for Lyapunov-stable impulsive
spacecraft maneuvers derived, in Reference 10, is given in Lemma 1.

Lemma 1. Impulsive Formation Control Stability Sufficient Condition

Given a formation F with Ny spacecraft, a set of Ny, simultaneously maneuvering spacecraft
M C F, whereM # 0, and a set of Ny quiescent spacecraft Q C F, where MU Q = F, and
M and Q are disjoint, where the estimated mean orbit element states of the formation are all true
(' — ce') and all weights w’ and differential mean orbit elements 5c’ are known and agreed
upon by the formation, a sufficient condition for formation stability under impulsive maneuvers
resulting in a mean orbit element change ®'" = &' + A&® for each satellite i maneuvering
impulsively at any time-step k is

> Fh(w', Np)Ace' - Ace' - e —w'y el | - Ace’

ieM JEF
+w' Z c(w!,Np)Ace! | - Ace’ 3 <0 5)
jAIEM
where 4 4 4
k(w',Ny) =1 —2w' + Ny(w')? (6)
and N
c(w’, Np) = Tij -1 (7

Proof. See Ref. 10. O

Since spacecraft perform maneuvers in a 3-dimensional Inertial space, rather than in orbital el-
ement space, a transfer function which projects the movement in Inertial space to orbital element
space must be used. Therefore, only a 3-dimensional subspace of the orbital elements can actually
be controlled. With this in mind, a spacecraft’s impulsive maneuver can be described in oscillating
orbit elements as

' = e’ + Ace’
= e’ + B(ce')AV' 3)

where Av is in a rotating Hill frame. B(+) represents Gauss’ variational equations. The B matrix
is defined as

2a%esin f

2a2p

h hr 0
psin f (p+r) cos f+re 0
h h 0
) 0 0 T cos
i
B(G% ) - 0 0 rsin (9)
hsini
__pcos f (p+r)sin f __rsinfcosi
he he hsini
n(pcos f—2re) n(p+r)sin f 0
L he he i

where 7 = v/1 — €2, p is the semilatus rectum, % is the angular momentum of the orbit, 7 is the orbit
radius, and § = w + f is the true latitude angle. Note that Equation (8) is in terms of oscillating
orbital elements. It can be assumed that as long as the impulses are small enough, the difference
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between impulses in oscillating and mean orbital elements is negligible,? leading to the following
simplification, 4 4 . .
A@' = A’ = B(ce")AV’ (10)

The following definitions introduce special cases which are useful for describing formations. '

Definition 5. Leader / Follower Formation

A formation F is a Leader/Follower (L/F) formation if and only if w* = 1 (designating the it"
spacecraft as the leader) and all other j # i € F have weightings such that w/ = 0.

Definition 6. Democratic Formation

A formation F is a democratic formation if and only if for all i € F, w' = 1/Ny¢, where Ny is
the number of spacecraft in F.

For the remainder of this paper, it is assumed that each spacecraft in the formation will perform
asynchronous maneuvers. Meaning that no two spacecraft will perform a maneuver at the same time.
This eliminates any complexity involved in spacecraft performing simultaneous maneuvers, as well
as the necessity for spacecraft to coordinate maneuvers with each other. Under this assumption,
Eqn. (5) can be simplified to

1 ) . » » . » »
Sh(w', Np)Ace' - A’ — | o8 — w' D e | -A® <0 (11)
JEF
since each maneuver only involves one spacecraft. It can then be found that the impulsive maneuver
which maximally decreases the formation state error is

. 1 ) ) )
— % __ =00 =J
A" = =20 + N ()2 oe' —w E oe (12)
JEF

This minimum Lyapunov error Ace’ can be simplified for certain special cases. For a ‘follower’
spacecraft ¢, as w* — 0,
— 1% 5=
A@"™ | i_yo= 08

where the optimal maneuver is simply to remove spacecraft ¢’s error. This occurs because when
a spacecraft’s weighting is equal to zero, it cannot affect the error of any other spacecraft in the
formation. For a ‘leader’ spacecraft, as w* — 1,

» 1 .
A" i 1= N o1 Z oe’

Note that when a spacecraft is set as the leader, it ignores its own error (as it has none since &' — 0
as w'* — 1) and instead maximally decreases the weighted formation state error. For a democratic
formation, as w* — 1/Ny,

. Ny 1 .
nh* . = e — — e’
Ace |“’lﬁ1\}f — oe N E oe
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Under the assumptions of Lemma 1 and asynchronous maneuvers, any maneuver which can be
characterized as
A®@' = A@"" + &'|| A"t (13)

where ¢ € [0,1] and # is any 6-dimensional unit vector, will satisfy Lemma 1 and is thereby a
formation stabilizing maneuver with respect to the Lyapunov function 4. Equation 13 describes a
6-dimensional sphere in which formation stable Ace’ maneuvers exist. Note that null maneuvers
(Ace’ = 0) are also admissible. This result implies that there is a 3-dimensional volume, which
is not necessarily a sphere, containing admissible Av’ maneuvers that are stabilizing. Using the
transformation in Eqn. (10), an equation for the minimum Lyapunov Av maneuver can be found

Av* = B(ae') T Ace* (14)

It is generally accepted that a Leader/Follower formation is the default formation for formation
flight. Now that a framework for describing a distributed formation flight is in place, the question of
whether or not a Leader/Follower formation is actually the most efficient can be investigated. The
formation flight framework introduced in the previous section includes the weighting scheme as a
function of time, allowing the effect of varying the weights and relative formation slots over time to
be investigated. The following section defines a general optimal control problem for a distributed
spacecraft formation.

Optimal Formation Control Problem

The optimal control problem is formulated using a state vector, x; = x(to + kAt), which is a
concatenation of the individual spacecraft weights, w}, formation slots, dce’. ,, and e},. The system
is controlled by the decision variable uy, = u(tp + kAt), which is the chanée in state between two
time steps. The state and control variable are then shown by

ol

. . T
chz["'wk"' .[5@%AT |0’e}€} (15)

) , T
ukz["'sz"'|"'[Afg@ezr,k]T"'} (16)

where wi is the ith spacecraft’s individual weighting, dce’ , is its formation slot, e, Aw? is the ith
spacecraft’s instantaneous change in weighting at each time step, and Aééei i 18 the instantaneous
change in desired differential mean orbit elements. The usual constraints on the weightings such that
P N . . .
0<w,i=1,...,N;and w,1€—|—~ Ctwy 7 = 1 are enforced. To be consistent with these constraints
on individual spacecraft weights, a constraint on Aw" must be enforced as ), » Aw" = 0. For
convenience, a vector containing individual spacecraft weights is introduced as
T
wk:[... w}, } (17)
Each spacecraft is subject to Keplerian orbit dynamics with Jo perturbations. The mean orbit ele-
ment propagation can be modeled in discrete time by the following dynamics

&, = f(cel, k) (18)

where f(-) represents Keplerian orbit dynamics under the effect of J5 perturbations. Spacecraft are
also subject to impulsive maneuvers described by Equation (10). The Av maneuvers are determined
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by each spacecraft’s individual control laws and is typically a function of the state, x, making
Avi = Avi(xk, k). Generally, the control law for each spacecraft is unknown. However, it should
be assumed for the purposes of this formulation that individual Av maneuvers satisfy the sufficiency
condition explained in Lemma 1. With these state and decision variables, the reference formation
system dynamics are defined by

[Wk]Nle -
_:- A\'Vi
oce! k
.T’k Iny sy 0
X1 = : 6Ny x1 + 0 Iongx6n;
: 0 0 i
i o Adcel ;.
f (o) + B(ae")Avi (xk, k), k) o0
6Nrx1 | )
(19)

With the individual weights, mean reference orbits, and mean orbital elements in the state, the
optimal control problem has all the information needed to fully describe the formation. With the
formation fully described, any control laws which individual spacecraft act upon can be predicted
and taken into account. Equation (19) can more conveniently be described as a nonlinear system
that is affine in control.

Xp+1 = G(xp, k) + Buy (20

It now becomes clear that the choice to use incremental change in weightings and mean reference
orbital elements as the control input, rather than the values themselves, was made in order to separate
the control input from the formation state dynamics, G (xx, k).

In equation (19), the Acey(xy, k) vector describes the impulsive control maneuvers performed
by each spacecraft as dictated by their individual control laws. It must be emphasized that for the
purposes of this formulation, this term is not part of the control input to the system. The formation
system is to be controlled by its individual spacecraft weights and reference orbits only, so that
the controller is not commanding Av maneuvers explicitly. It is still required that the control laws
be part of the formation system in order for the optimal control problem to accurately predict the
motion of each spacecraft.

With the system and dynamics defined, the full general optimal formation control problem can
be stated.

Formation Initialization/Maintenance OCP

Ny kg
minimize P = Z Z a;l| Av, gl o €[0,1]
ulladm i=1 k=ko
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subject to xpr1 = G(xg, k)+Buy
0<wj <1, i=1,...,N;

wh 4wy =1

g (x(ko), x(ky)) =0

where g (x(ko),x(kys)) = [OGfoNf IGfost] x(ky) — 0GRk,
daons, = | o [ty ] o] | e g e ny
Unarn = {u‘ZAwi:O, 0 < @i+ Adl < 1}

This problem is quite difficult to solve due to the nonlinearities in G (xy, k) and the dimensionality
of the state and control variables. It is also unrealistic to solve this control problem in real time on
board each spacecraft, meaning that were a solution to be found, calculations would most likely be
done on the ground and uploaded to the spacecraft.

While the full optimal control problem is difficult to solve, it might be possible to solve a more
restricted problem while still gaining insight about optimal distributed formation control. If the
problem is restricted to solving an optimization at each time step, rather than considering all possible
future states of the formation, it is vastly simplified to something more manageable. The control
input dce, is then made trivial given the boundary conditions. Two such optimization problems are
presented which seek to answer two different questions.

Minimum Lyapunov Error Formations

It may be useful to know which weighting scheme will minimize the Lyapunov error function in
Eqn. (4) if you have no knowledge of each spacecraft’s control policy (i.e. Av(xy,k)). This is
useful because it minimizes the total formation error.

Lemma 2. Minimum Lyapunov Error Formation

Given a formation F with Ny spacecraft, each with differential mean orbit element errors, 5&, as
defined in Eqn. (3). The weighting scheme which minimizes the formation Lyapunov error function
given in Eqn. (4) is always a Democratic (i.e. w* = 1/N¢ Vi € F) formation, and is independent
of time, state, or control policy.

Proof. The expression for differential mean orbit element error can be rewritten as

N i
de' = doe; ), — dce
= bee) ) — (' — @)
= el — @ + Y w!(e - dcel ;)
IeF

L Z Wb @1)
leF
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Substituting Equation (21) into Equation (4) produces

1 -
V:§Z[5e -5e]

ieF
1 . o e o
I e o wieh | [ e+ S wie @2)
i€F JEF JEF

In order to simplify Equation (22), the summation can be rewritten as a product of two matrices by
using Equation (17) and defining

=t @] (23)
1=[1 - 1] (24)

which allows certain summations to be rewritten as
> wiehi =@ = Iw > b =11 (25)

icF ieF
Carrying out the substitution and expanding the dot product brings the expression of V to one which
can be easily differentiated by w

- [(—cieb’i + \Ilw) : (—cieb’i + \Ilw)}

2 4
i€F
1 ) . )
=3 {deb’l el 26" Uw 4 Tw - q;w]
ieF
= 1 [o‘eb’i : deb’i} 1 Z {Q(Eb’i} -Pw + L Z [(Tw - Tw|
2 - 2 2 ¢
ieF ieF ieF
1 ; 1
V= §§||dab’l||2—\llw~lIlIl+§Nf\IIW-\IIW (26)
7

Now that V' is in a form which is written explicitly in terms of w, Equation (26) can be differentiated
by w in order to solve for the weighting scheme which minimizes it.

oV OTw OTw
— =0=-—"——Wl+N;—W
ow ow ANy ow w
= -0Tw1 + N, ow (27)

Solving for w gives

N ow = 07wl
1
w'=—1 28
x; 28)
which shows that the Democratic formation is the sole critical point of the Lyapunov function. To
prove that it is indeed a minimizer, the second order necessary condition is used,

=N vTw (29)



In order to show that Equation (29) is positive semi-definite, it can be rewritten as

o0*v

_ T
@bl
_ . b1 . ~b,N
= Ny : [ e ce”t'f ]
b Ny T
T bl . bl @bl . b Ny
= Nf . . . (30)
I ®PNr @bl ... @bNr . @bhNr

and since Ny > 0 and the resulting matrix is positive semi-definite, the Democratic formation is the
global minimizer of the Lyapunov function. [

Using a Democratic formation is, in general, good, because Av cost is commonly monotonic
with de. Therefore, subject to orbit element scaling, Democratic formations will tend to have lower
Awv costs. It should be emphasized that no assumptions were made about the mean orbit elements
or errors and, therefore, this result holds for all errors and mean orbit elements. However, it does
not take into account the control policies, transformation matrix, B(ce), or fuel cost. The following
formulation attempts to account for these.

Minimum Av cost

If the control policies of each individual spacecraft are known, it is possible to formulate a prob-
lem which can be solved to reduce the amount of Av required to minimize formation error. This
problem is independent of individual control policies, as long as they are known. The control
policies can also be heterogeneous, meaning that individual spacecraft can have different control
policies. Av for each time step is a function of the weights of all spacecraft as well as their errors.
If the cost function that is to be minimized is equal to

Avior e = Pu =Y | AVi(xk, k)| G
ieF
which can be rewritten as
Avior e = P = Y _ | AV} (w},, 5| (32)
iEF

then the problem becomes: Given ce of all spacecraft in the formation, what is the weighting scheme
which minimizes fuel usage. This gives a feedback controller for the weights which locally mini-
mizes the total Av at time k. Including the constraints on w’, the cost function becomes

Po— S | Aviuhy o) + ALwy + (z ol - 1) -
ieF ieF

where the second term represents the w’ < 1 Vi € F constraint, with AT being a vector of La-
grange multipliers, and the third term represents the w’ + - - - + w’Ny = 1 constraint, where y is its
corresponding Lagrange multiplier. For this particular formulation, it is desired that the formation
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error be maximally reduced. Therefore, the minimum Lyapunov error Av* from Equation (14) is
used. The feedback controller is shown in the following equation:

wj, = arg min (Pk = Z \\B(cei)+A6eZ*(wi,5éf;)|| + Mawg + (Z wh — 1)) (34)

i€F i€F
Note, for minimum Lyapunov error

1

AV (k) =~y

B(ce')" | b8}, — w} > _ o€} (35)
JEF

This parametric optimization routine can be solved numerically for its minimum value with re-
spect to w. The result will be a weighting scheme which minimizes total Av cost. Although this
method is calculated as if all spacecraft were moving simultaneously, it should also be effective at
reducing the Awv cost for a formation moving asynchronously as well. The Av maneuver performed
with the resulting weighting scheme should also maximally reduce the formation Lyapunov error.

A controller proposed by Schaub and Alfriend!! involves performing spacecraft maneuvers to
correct errors in oscillating orbit elements, da, de, dw, and 6 M, at both the apoapses and periapses
of the orbits. These maneuvers are defined by

2
Radial direction : Av,p = —% {(Hne)((sw + 69 cos i) + 5M} (36)
1— 2
Avyq = _% {<ne)(5w +6Q cos i) + 5M} (37)
. nan [ da de
Along-track direction : Avg,, = - ot ) (38)
nan | da de
Mv = = [a - e)] &

where the subscripts a and p denote maneuvers at the apoapsis and periapsis, respectively. This
controller also performs maneuvers to reduce 6¢) and &7 errors at critical 6 points on the orbits,
which are defined as

(40)

< 0Qsini )
0. = arctan

o1

with the maneuvers defined as
h - .
Avy = —1/ 832 + 5Q2 sin 42 41)
r

This controller is henceforth referred to as Av»54(xy, k).

RESULTS

The ‘SA’ impulsive feedback control approach is used as a baseline for the formation control
comparison. However, this control approach is designed to control one spacecraft’s orbit and takes
no consideration of an entire formation’s error. This would be acceptable for a special case of
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Case | Title w' | w? | w? | Description

TC1. | L/F SA (Schaub-Alfriend) 1 0 0 | Using Schaub’s

TC2. | L/F SAY 1 0 0 | impulsive control approach
TC3. | L/F SA¢} 0 1 0

TC4. | L/F SAY} 0 0 1

TCS5. | DSA 1/3 1 1/3]1/3

TC6. | D SAt 1/3 1 1/3]1/3

TC7. | D Av*} 1/3 | 1/3 | 1/3 | Impulse by Av*

TC8. | L/F Av*y 1 0 0 | atapsides and nodes

TC9. | L/F Av*t 0 1 0

TC10. | L/F Av*t 0 0 1

TC11. | Feedback Controller Av*{ | w} | w3 wz Feedback controller active

Table 1. Test cases run. fdenotes the sufficient condition for formation stable maneuvers is enforced

a Leader/Follower formation, but is not ideal for a formation with varying weights. Because of
this, two simulation cases are made to compare what happens when Schaub’s impulsive controls
approach is used on a L/F formation and a Democratic formation.

Further building on concepts presented in this paper, the sufficiency condition for stable unco-
ordinated maneuvers outline in Lemma 1 is enforced on a Democratic formation, using Schaub’s
impulsive control approach, in a third test case.

A new control approach attempting to capture the minimum Lyapunov error Ace’* is developed.
With this control approach, impulsive control maneuvers calculated using Eqn. (35) are performed at
each spacecraft’s apoapsis, periapsis, and nodes. With this new control policy, spacecraft maneuver
in order to reduce formation error as a whole, rather than their individual error. Therefore, the
formation should converge to steady-state faster.

Finally, the feedback controller introduced in Eqn. (34) is implemented onto a set of spacecraft
which each use the same control policy as TC7. In order to investigate the optimality of this feed-
back controller, three test cases are simulated which pick each of the three spacecraft as the leader
in L/F formations. All of the test cases are summarized in Table 1.

The simulation was developed using Matlab’s ode45 function. ode45 was used to propagate
each spacecraft forward 10 seconds using two-body dynamics in the ECI frame with .J perturba-
tions, with ky = 24hrs. Each spacecraft then computes its estimate of the weighted formation
barycenter using Eq. (1). Finally each spacecraft computes their orbit error using Eq. (3). The for-
mation slots that are used in each simulation are given in Table 1(a). And the initial conditions for
each spacecraft is shown in Table 1(b).

Figure 1 shows the output for TC1. It shows that the ‘SA’ impulsive maneuvering approach
works well for a L/F formation. Most of the major maneuvers are completed within 4 orbits. Note
that because SC1 is the leader, it has no error and therefore does not maneuver. Figure 2 shows
TC1 again, only this time in a log-space format in order to better show the errors as they become
small. Log-space plots will be used for the remainder of the simulation Test Cases. Figure 4(a)
shows the impulsive control approach working on a democratic formation. This output shows that
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(a) Desired formation slots for each simulation (b) Initial conditions for each simulation

deel SC1 SC2 SC3 &) SC1 SC2 SC3
da(km) || 3.0e73 | 3.9¢73 | —1.5¢73 ao(km) | 7500.9 | 7499.8 | 7500
se —2.7e73 | —3.4e3 | 1.3¢73 €o T4e™3 | 6.59¢73 | 1.12¢72
Si(rad) 29¢74 | —4.6e74 | 1.8 io(rad) | 0.350 | 0.348 0.349
sw(rad) || 4.6e7® | —3.5¢73 | 2.6e73 wo(rad) 3.00 3.00 3.00
5Qrad) || 1.6e73 | —4.3e73 | 2.4e73 Qo(rad) 1.98 1.98 2.00

=
T
g
S

0.220 0.221 0.200

SM (rad) 0 0 0

Table 2. Desired formation slots and initial conditions for all Test Cases

the formation takes more time to decrease its Lyapunov error, but it ends up consuming less Av.

15 5
—_ 1 SC1 5
£ sC2
< sc3 g o
g 05 8
o o -5
@ 0 e
05 -10
‘2 4 6 8 10 12 2 4 6 8 10 12
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I g
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Figure 1. TC1: w! = 1, Schaub’s impulse approach, without sufficiency condition

Figures 3(a) through 3(c) show Test Cases 2 through 4, which show each spacecraft being the
leader under the SA control law, with the sufficient condition in Lemma 1 active. The effects of the
sufficiency condition can be seen when these figures are compared with Figure 2.

Figure 4(b) shows the difference in orbit maneuvering with the sufficiency condition applied. It
can be seen that with the sufficiency condition applied, the Lyapunov function never increases, and
the formation uses less fuel than without it. However, the Lyapunov error is not reduced as much as
in previous test cases. This Test Case was simulated longer to make sure that it had indeed ‘settled’
at the end of the 24-hour run, but the 24-hour duration was kept for comparison purposes. It must
be stressed that the ‘SA’ control approach is not intended to be constrained by Lemma 1, and that
TC6 is only intended to show that this constraint is effective with any controller.

Figure 4 shows TC7 error results. This not only achieves the greatest error reduction using the
smallest Av, but also does it in a comparatively short time. Because the pseudo-inverse is an
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Figure 2. TC1: w' = 1, Schaub’s impulse approach, without sufficiency condition

approximation, however, the error will never be fully reduced and tends to remain mostly constant
on the order of 10~ for each orbital element.

Feedback Formation Control

This simulation uses Eqn. (35) for all three spacecraft control laws. Before each maneuver is
performed, Matlab’s fmincon function is used to determine the weighting scheme which mini-

mizes Equation (32). ce’, dé, and Ace’* are then recalculated based on the new weights, and the
maneuver is performed.

Figures 5(a), 5(b), and 5(c) show the simulations for Test Cases 8, 9, and 10, respectively. These

figures show that arbitrarily picking a the leader in a formation can lead to different Av costs, while
leading to similar Lyapunov errors.

When these three figures are compared with Figure 4, it can be surmised that, with no prior
knowledge of the future formation states, a Democratic formation is a safe choice. This further
reinforces the applicability of Lemma 2. This is an important result, because it means that with no
a-priori knowledge of the formation state or control laws, picking the formation to be Democratic
will more than likely not be the worst-case scenario.

Figure 6 shows the error history of the mean orbit element errors using the minimum Awv cost
feedback formation controller. It can be seen that Av cost has been reduced when compared to TC7-
TC10. However, the minimum Awv cost feedback controller is not optimal, and it is not expected
that it will always produce better results than Democratic or L/F formations. It should be noted that
the sufficiency condition in Lemma 1 does not account for changes in weights, and therefore the
Lyapunov function may increase as the weights are altered. The formation error Lyapunov function
and Ay, at time ky for all Test Cases are summarized in Table 3.

Figure 7 shows the feedback formation control wy, of the formation vs. time. The chosen weight-
ing scheme switches between L/F formations with different spacecraft being chosen as the leader.
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Figures 8(a) and 8(b) shows a Ternary plot of the weighting scheme field early in the simulation,
with the value of Awv,, as the z axis. From this figure the topology of the weighting scheme can be
studied. It can be seen that there is a clear best choice for the leader, as well as a worst choice, and
the third leadership position having a Av cost somewhere in between. Figures 8(c) and 8(d) shows
a Ternary plot at a time later in the simulation when “steady-state” has been achieved. The topology
is similar to the early simulation Ternary plot, with one spacecraft being the clear choice for leader.
The values of P are lower than in Figure 8(a), as expected since the total formation error has been
reduced by this point. It can be seen that in both plots, the Democratic formation, which is in the
center of the plot, is a saddle point. Again, this appears to be a consequence of Lemma 2.
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Case

Title

\%4 Avgr(m/s)

TCI.
TC2.
TC3.
TCA4.
TCS.
TCe.

L/F SA (Schaub-Alfriend)
L/F SAt

L/F SAt

L/F SAt

D SA

D SAt

7.52¢=8 16.90
6.81e~8 15.04
1.53¢7° 9.6947
3.92¢78 9.5029
5.49¢=8 13.51
2.12¢6 8.92

TCT7.
TC8.
TCO.
TCI10.

D Av*}

L/F Av*}
L/F Av*}
L/F Av*t

1.81e7 6.70
2.01e 7 7.75
6.65e~7 10.21
1.91e~7 7.38

TCI11.

Feedback Controller Av*{

2.43¢7 6.99

Table 3. Summary of res
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(c) Continuous. tx = 77290s, periapsis maneuver (d) Contour. t,, = 77290s, periapsis maneuver

Figure 8. TC11: Ternary map of Av,,; values with respect to weighting schemes at
two different points in the simulation
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CONCLUSIONS

In this paper, a framework for individual spacecraft control as outlined in previous works was used
to develop a general optimal formation control problem. Due to the difficulty involved in solving
this problem, including dimensionality and non-linearity, more restricted problems were proposed
to answer questions about the what the best weighting scheme is under certain conditions. The first
of which asks what weighting scheme will minimize the orbit error Lyapunov function given. It
is found that this is essentially a type of balancing problem where, without making assumptions
on the errors or control policies of the spacecraft, the optimal solution is to distribute the weight
evenly between each spacecraft. Next, a method of calculating the minimum Awv cost at each time
step given a set of spacecraft with arbitrary control policies is formulated. However, this solution
is not optimal because it does not take into account the entire forward time history of the formation
state. It is found that a Democratic formation is a ‘safe’ choice if resources to solve the Optimal
Formation Control Problem or the minimum Awv feedback formation controller. Also, using the
feedback controller performs approximately as well as the best constant-leader L/F case, and it
performs better than the worst constant-leader L/F case. Therefore, using the feedback controller is
preferred to simply picking a L/F formation. Simulations demonstrating these concepts were made.
Future works may include developing weighting schemes which take further orbit propagation into
account, creating a more optimal weighting solution, as well as investigations on fuel balancing
between the spacecraft in formation.

REFERENCES

[1] O. Brown and P. Eremenko, “Fractionated Space Architectures: A Vision for Responsive Space,” Pro-
ceedings of the AIAA 4th Responsive Space Conference, Los Angeles, September 2006.

[2] M. G. O’Neill and A. L. Weigel, “Assessing Fractionated Spacecraft Value Propositions for Earth Imag-
ing Space Missions,” Journal of Spacecraft and Rockets, Vol. 48, No. 6, 2011, pp. 974-986.

[3] H. Schaub and J. L. Junkins, Analytical Mechanics of Space Systems. American Institute of Aeronautics
and Astronautics, second edition ed., 2009.

[4] D. Brouwer, “Solution of the problem of artificial satellite theory without drag,” , Vol. 64, Nov. 1959,
p. 378, 10.1086/107958.

[5] D. P. Scharf, F. Y. Hadaegh, and S. R. Ploen, “A Survey of Spacecraft Formation Flying Guidance
and Control (Part II): Control,” Proceeding of the 2004 American Control Conference (Boston, Mas-
sachusetts, June 30-July 2, 2004), pp. 2976-2985.

[6] R. Schlanbusch, R. Kristiansen, and P. Nicklasson, “Attitude reference generation for leader-follower
formation with nadir pointing leader,” American Control Conference (ACC), 2010, 2010, pp. 1599—
1604.

[7] K. T. Alfriend, S. R. Vadali, P. Gurfil, J. P. How, and L. S. Breger, Spacecraft Formation Flying: Dy-
namics, Control, and Navigation. Butterworth-Heinemann, 2009.

[8] M. J. Holzinger and J. W. McMahon, “Decentralized Mean Orbit-Element Formation Guidance, Navi-
gation, and Control: Part 1,” Proceedings of the 2012 AIAA/AAS Astrodynamics Specialists Conference
(Minneapolis, MN, August 2012).

[9] J. W. McMahon and M. J. Holzinger, ‘“Decentralized Mean Orbit-Element Formation Guidance, Navi-
gation, and Control: Part 2, Proceedings of the 2012 AIAA/AAS Astrodynamics Specialists Conference
(Minneapolis, MN, August 2012).

[10] M.J.Holzinger and J. W. McMahon, “Decentralized Mean Orbit-Element Formation Stability for Unco-
ordinated Maneuvers,” Proceedings of the 2013 AIAA/IEE American Control Conference (Washington,
DC, June 2013).

[11] H. Schaub and K. T. Alfriend, “Impulsive Feedback Control to Establish Specific Mean Orbit Elements
of Spacecraft Formations,” Journal of Guidance, Control, and Dynamics, Vol. 24, No. 4, 2001, pp. 739—
745.

1356




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 2400
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 2400
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


